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READ THESE INSTRUCTIONS

Answer ALL questions in section A, in which each question is worth 2%.
Use the answer sheet on page 2. DO NOT detach the answer sheet from the exam paper,

which you MUST hand in. Write your URN in the box at the top of this page.
For Section B, use the separate answer book provided. Answer TWO questions from the
three in section B. Each of these is worth 35% of your mark. If you answer more than two

questions from section B, only your two best attempts will be taken into account.

Where appropriate, the mark carried by an individual
part of a question is indicated in square brackets [ ].

Calculators in Examinations
Calculators are permitted providing that they are non-programmable and not

wireless-enabled.

Gaussian error tables are provided on page 11.

Additional material:
Departmental tables of constants, formulae and transforms
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Section B

Question 1

The z-transform of a function x(n), n = 0, 1, 2, 3, . . . is defined as

Z [x(n)] = X(z) =
∞∑
n=0

x(n)z−n.

For |x| < 1, we have that
∞∑
n=0

xn =
1

1− x
.

(i) Show, using the above information, that Z [αn], the z transform of f(n) = αn,
with α a constant obeying |α| < 1, is

Z [f(n)] = F (z) =
z

z − α
.

[10%]

(ii) Given that x(n) is any function of n whose z-transform exists, and that Z [x(n)] =
X(z), show that

Z [x(n+ 1)] = zX(z)− zx(0).

[20%]

(iii) Given that a, b are constants with a 6= b, find the constants A,B such that the
following partial fraction identity is true:

z

(z − a)(z − b)
≡ A

z

z − a
+B

z

z − b
.

[20%]

(iv) Define the relative temperature as the temperature above room temperature.

Let t(n) be the relative temperature, at discrete time intervals, of a hot pie in
a cooling oven. Let the relative temperature of the oven be (1 − k)f(n), where
0 < k < 1 is a constant, with f(n) = αn. Here, α is also a constant, and α 6= k.
Newton’s law of cooling then relates t(n) to f(n) as follows:

t(n+ 1) = kt(n) + (1− k)f(n). (1)

(a) Let t(0) be the initial relative temperature of the pie. Writing the z-transform
of t(n) as T (z), find the z-transform of equation (1).

(b) Solve the equation you obtain in (a) for T (z).

(c) Hence, by inverting your expression for T (z) and using part (iii), find t(n) for
integer n ≥ 0 in terms of t(0), α and k. [50%]

[See next page]
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Question 2

A noise voltage has an amplitude p.d.f. given by

f(v) =

 A

(
1− v2

v20

)
−v0 ≤ v ≤ v0

0 otherwise,

where v, measured in volts, is the voltage and A and v0 are constants.

(i) What are the dimensions of A and of v0? [10%]

(ii) Show that

A =
3

4v0
.

[20%]

(iii) Find (a) the mean and (b) the standard deviation of v. [30%]

(iv) Let v1 be a sample of the noise voltage taken at a randomly-chosen time. Find
the probability that v1 ≥ v0/2. [20%]

(v) Again, let v1 be a randomly-chosen sample of the noise voltage. Let α be a
dimensionless constant, defined such that

the probability that − αv0 ≤ v1 ≤ αv0 is
1

2
.

(a) Find the equation satisfied by α.

(b) Estimate roughly, by any means you can think of, the actual value of α,
obeying 0 ≤ α < 1, that solves this equation. [20%]

[See next page]
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Question 3

(i) If f(t) 
 F (ω) are a Fourier transform pair and
∫∞
−∞ f(u)du = 0, show that

The Fourier transform of

∫ t

−∞
f(u)du is

1

jω
F (ω).

[30%]

(ii) The function f(t), shown in Figure A below, is defined by

f(t) =

{
1 + t/T −T ≤ t < 0
0 otherwise

where T > 0 is a constant.

(B)

1

0−T T

t

g(t)

0

1

−T

t

f(t)

(A)

By repeated differentiation, or otherwise, find the Fourier transform of f(t). State
(without proof) any Fourier transform properties that you use.

[40%]

(iii) Given the fact that, if f(t) 
 F (ω), then f(−t) 
 F (−ω), find the Fourier
transform of

g(t) =


1 + t/T −T ≤ t < 0
1− t/T 0 ≤ t < T
0 otherwise

which is illustrated in Figure B above. [30%]
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