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Section B

Question 1

The circuit below consists of capacitors and inductors with values C, L and L/2 as
shown. In the left- and right-hand loops there are oscillatory circulating currents of
amplitude i1 and i2 respectively, both having frequency ω.

i i1 2 CL

C

L/2

(i) Using Kirchhoff’s voltage law, write down the equations that must be satisfied by
the currents i1 and i2, and show that these equations can be written in the form

Ai = 0

where

i =

(

i1
i2

)

and 0 =

(

0
0

)

,

and the 2× 2 matrix

A =

(

1− 3X/2 X/2
X/2 1−X/2

)

,

with X = ω2LC.

[30%]

(ii) What is the trivial solution for i1 and i2? State the condition that must be satisfied
by matrix A in order for a non-trivial solution for i1 and i2 to be obtained. [20%]

(iii) Using this condition, find the values of ω for which a non-trivial solution can be
obtained. [30%]

(iv) Find the ratio of i1 to i2 at both of these values of ω. [20%]

[See next page]
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Question 2

As part of the control algorithm for a lighting system, it is required to approximate
the function y(x) = ex for −1 ≤ x ≤ 1 by using a polynomial of the form a+ bx+ cx2,
where a, b and c are constants. The estimation of a, b and c is to be carried out by the
method of least squares, using the following data:

k 1 2 3 4 5 Error
xk −1.0 −0.5 0 0.5 1.0 ±0%
yk = exk 0.368 0.607 1.00 1.65 2.72 ±1%

(i) Explain carefully with the aid of a diagram why the function to be minimised in
order to do this is

S =
∑

k

(

yk − a− bxk − cx2

k

)2

.

Derive from this the three simultaneous equations that need to be solved in order
to find a, b and c. [40%]

(ii) Now find the values of a, b and c. Work to 5 significant figures throughout. [40%]

(iii) Estimate, using your polynomial, y(0.75) and y(1.25), and compare these to the
exact values, e0.75 and e1.25 respectively. Comment on your result. [20%]

[See next page]
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Question 3

The deformation, w, of a piezo-electric energy harvester1 is described by the differential
equation

d4w

dx4
+ k2

d2w

dx2
= 0,

where x is the distance from the origin and k is a real constant. Since this is a fourth-
order differential equation, four initial conditions are required, and these are

w(0) = w0, w′(0) = w1, w′′(0) = w2 and w′′′(0) = w3,

where w0, w1, w2 and w3 are constants.

(i) Let the Laplace transform of w(x) be W (s). Find the Laplace transform of the
differential equation in terms W (s), k and w0, w1, w2, w3. [20%]

(ii) Hence, find an expression for W (s) in terms of s, k and w0, w1, w2, , w3. [20%]

(iii) From your answer to the previous part, find, using tables, an expression for w(x).

[40%]

(iv) What must be the relationship between w1 and w3 in order that w(x) be a periodic
function of x for x > 0? What is its period in this case? [20%]
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