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Section B

Question 1

A thermistor is a type of resistor whose resistance varies with temperature. As the
current through it changes, so does its temperature, and hence its resistance. The
table below1 shows how y(i) = 1/ lnR(i), R in kΩ, varies with the current i.

k 1 2 3 4 5 Units, error
ik 0 1 2 3 4 mA, ±1%
yk = y(ik) 0.161 0.294 0.417 0.588 0.820 No units, ±5%

It is conjectured that the graph of y(i) versus i is well approximated by

y(i) = a+ bi+ ci2,

where a, b and c are constants.

(i) State the units of each of a, b and c. [10%]

(ii) Values of a, b and c are to be found by the method of least squares. Explain
carefully with the aid of a diagram why the function to be minimised in order to
do this is

S =
∑

k

(

yk − a− bik − ci2k
)2

.

Derive from this the three simultaneous equations that need to be solved in order
to find a, b and c. [40%]

(iii) Now find the values of a, b and c. Work to 5 significant figures throughout. [40%]

(iv) Hence, find the resistance at i = 2.5 mA. [10%]

[See next page]

1Data from M.G. Scroggie & G.G. Johnstone: Radio and Electronic Laboratory Handbook, 9th ed. (1980)
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Question 2

The objective of this question is to find the Fourier series in the complex form for the
periodic function f(t) defined by

f(t) =







4At/T0 0 ≤ t < T0/4
2A− 4At/T0 T0/4 ≤ t < T0/2
0 otherwise;

(1)

with f(t + T0) = f(t) and where A and T0 are positive constants. This function is
sketched below.
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(i) Sketch the function g(t) = df/dt, over one period, labelling all the important
points on both axes. Additionally, write down the definition of g(t) in the same
form as f(t) is defined in (1). [25%]

(ii) The function g(t) can be expanded in a Fourier series of the form

g(t) =

∞
∑

n=−∞

αne
2jnπt/T0 .

Find an expression for the coefficients αn, n 6= 0. What is the value of α0? [50%]

(iii) We can now write

f(t) =

∫ t

0

g(u) du =

∞
∑

n=−∞

βn

(

e2jnπt/T0 − 1
)

,

where β0 = 0. Find an expression for βn, n 6= 0. [25%]

[See next page]
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Question 3

Consider the circuit shown in the figure below.

i
o
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(i) Let τ = RC. Assuming that the Infinite Gain Approximation (IGA) applies to
the op amp, show, stating clearly any relations from circuit theory that you use,
that the input and output voltages, vi and vo respectively, are related by

τ
dvo
dt

+ vo = −vi.

[20%]

(ii) Showing all your working, i.e. not just quoting the result from tables, prove that
the Laplace transform of 1− e−kt, where k > 0 is a constant, is k

s(s+k)
.

[20%]

(iii) Given that kτ 6= 1, vi(t) = A(1− e−kt), where A is a constant, and vo(0) = 0, find
Vo(s), the Laplace transform of the output voltage, vo(t).

[20%]

(iv) Hence find vo(t) for all t ≥ 0.

[20%]

(v) Is there a time t0 > 0 at which dvo
dt

= 0?

[20%]
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