
Math 454 – Review

FINAL EXAM: April 22nd Thursday 4-6pm at 1311 EECS

1. There is one major mistake in each of the following statements. Make corrections on
the statements and briefly explain why.

(a) If two functions f(x), g(x) have eigenfunction expansion

f(x) =
∞∑
n=1

cnφn(x), g(x) =
∞∑
n=1

dnφn(x),

then their sum has expansion

f(x) + g(x) =
∞∑
n=1

cndnφn(x).

(b) Let L be a linear operator. If L[u] = 0 with boundary conditions u|∂Ω = 0 only
admits trivial solution, then zero is an eigenvalue associated with the Sturm-
Liouville problem L[φ] + λφ = 0 with the same boundary conditions.

(c) Let {Rn(r)}∞n=1 denote the solution family to the eigenvalue problem r
(
rR′(r)

)′ 1

R(r)
+ λr2 = 0 ...... (1)

with B.C. R(A) = 0 and R(B) = 0

Here, A < B are positive constants. Then, for any smooth function g(r), it can
be expanded as

g(r) =
∞∑
n=1

cnRn(r) with cn =

∫ B
A g(r)Rn(r)r2 dr∫ B
A R2

n(r)r2 dr

In particular, we should include a weight function σ(r) = r2 coming from equa-
tion (1).

(d) Let Ω be a smooth 2D domain and f = f(x, y),u =

(
u1(x, y)
u2(x, y)

)
be smooth

functions defined in Ω. By the Divergence Theorem,∫
Ω
f∇ · u dxdy =

∫
∂Ω
f
∂u

∂n
ds.

Here, ∂u
∂n is the directional derivative of u along the normal direction pointing

outward.
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(e) A qualitative difference between the 1st and 2nd kinds of Bessel’s functions is
that: the 1st kind goes to zero while the the second kind goes to infinity as the
independent variable approaches +∞.

(f) u(x, t) = sin(cnπt/L) cos(nπx/L) with positive integer n is a standing wave
solution to the 1D wave equation

utt = c2uxx, u(x, 0) = u(x, L) = 0.

(g) The equilibrium state ue(x, y) associated with the heat equation with source

∂

∂t
u(x, y, t) = k∇2u(x, y, t) +Q(x, y), u|∂Ω = g(x, y),

is the solution to the Poisson’s equation with homogeneous boundary conditions

k∇2ue(x, y) +Q(x, y) = 0, ue|∂Ω = 0.

(h) Consider the Fourier sine series of f(x) = x + 1 for x ∈ (0, 1). This series con-
verges to 3/2 at x = 1.

2. Consider a quarter disk including the center,

Ω = {(r, θ) | r ∈ [0, A], θ ∈ [0, π/2]}.

Solve the eigenvalue problem in terms of Bessel’s functions and their zeros (the order
of Bessel’s functions could be fractional),

∇2φ+ λφ = 0 on Ω,

φ(A, θ) = 0, |φ(0, θ)| <∞ and
∂

∂θ
φ|θ=0 = 0, φ|θ=π/2 = 0.

3. Assume we have obtained a complete set of eigenfunctions φn(x, y) (associated with
eigenvalue λn > 0) for the 2-dimensional Sturm-Liouville problem

∇2φ+ λφ = 0 on Ω,(
φ+

∂φ

∂n

)∣∣∣∣
∂Ω

= 0.

(a) Derive the associated Green’s function G(x, y; x0, y0) in terms of eigenfunction
expansion. Show all your work, including the definition of Green’s function and
application of Green’s identity.
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(b) Derive a solution formula in terms of G, f, h for the Poisson’s equation

∇2u = f(x, y) on Ω,(
u+

∂u

∂n

)∣∣∣∣
∂Ω

= h(x, y).

4. Consider a π-long 1D string with the right end free and the left end moving periodi-
cally,

utt = 2uxx, u(0, t) = 3 sin 2t,
∂

∂x
u(π, t) = 0.

Initially, the string is at its neutral position with zero velocity. Find a solution
formula for u(x, t) by using eigenfunction expansion.
Briefly discuss: does the string oscillate at the same frequency as the left end?

5. Choose only one of the following TWO problems to do!

Option 1 . Find a solution formula for the 1D transport equation in an infinite domain

ut + 4ux = 0, u(x, 0) = f(x), for x ∈ (−∞,∞), t ≥ 0

using Fourier Transforms. Express your final answer u(x, t) in terms of f(x).

Option 2 . Consider heat equation

ut = (A(x)ux)x, ux(0, t) = u(L, t) = 0.

Here, A(x) > 0 is given. Prove that

d

dt

∫ L

0
u2 dx < 0 unless u ≡ 0.

6. Consider a heat equation in a cubic box Ω = [0, L]× [0, L]× [0, L],

ut = ∇ · (k(x, y, z)∇u) for (x, y, z) ∈ Ω,

u(x, y, z, t) = 0 for (x, y, z) ∈ ∂Ω.

Here, the thermal diffusitivity k(x, y, z) is a given function intrinstic to the material,
and it is bounded as

0 < kmin ≤ k(x, y, z) ≤ kmax.

(a) State the associated 3D Sturm-Liouville problem, specifying the boundary con-
ditions.

(b) State and prove the orthogonality condition for the S-L problem in (a). Show
all your work including the proof of self-adjointness.
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(c) Find a range for the smallest eigenvalue of (a) in terms of L, kmin, kmax. Start
with solving a “nicer” S-L problem

∇2ψ + λψ = 0 on Ω, ψ|∂Ω = 0.

7. Consider the following 1D heat equation with a source term and nonhomogeneous
boundary conditions (k is a positive constant),

ut = kuxx + g(x)

BC:
∂

∂x
u(0, t) = 0, u(L, t) = h(t),

IC: u(x, 0) = f(x).

Find a solution formula for the original PDE. Show all your work.

8. Show that any eigenvalue λ of the following 2D Sturm-Liouville problem is strictly
positive as long as αβ > 0 and p(x, y) > 0, q(x, y) ≤ 0,

div(p∇φ) + (q + λ)φ = 0, on Ω,

αφ+ β∇φ · ~n = 0, on ∂Ω.

9. Consider a quarter of a 3D cylindar

Ω = {x2 + y2 ≤ A2, x ≥ 0, y ≥ 0, z ∈ [0, H]}.

and the wave equation
utt = ∇2u on Ω,

u = 0 on ∂Ω,

u(x, y, z, 0) = 0,

ut(x, y, z, 0) = f(x, y, z).

(a) State and solve the associated three dimensional eigenvalue problem.

(b) Find a solution formula for the original equation.

10. Find the Fourier cosine series of

f(x) = x− 1, for x ∈ [0, 1].

Then, explain why we can perform term-by-term differentiation on this series.

4



11. Consider the Poisson’s equation on a 2D square with side length 1,

∇2u = f(x, y).

The boundary conditions are

u(x, 0) = g(x), u(x, 1) = h(x),

∂

∂x
u(0, y) =

∂

∂x
u(1, y) = 0.

(a) Find the associated Green’s function.

(b) Solve the original PDE.

12. Solve the following heat equation for u(x, t) on x ∈ (−∞,∞), t ∈ [0,∞) in terms of
Fourier Transforms,

ut = kuxx − αu,

u(x, 0) = f(x).

13. Consider a Sturm-Liouville problem

(x+ 1)φ′′(x) + λφ(x) = 0,

φ(1) = 2φ′(1), φ′(3) = 0.

Let φn, φm be two eigenfunctions associated with different eigenvalues. Prove that∫ 3

1

φn(x)φm(x)

x+ 1
dx = 0.

14. Consider a heat equation with lateral cooling and nonhomogeneous boundary condi-
tions :

ut = kuxx − αu
u(0, t) = 0

u(L, t) = T0

u(x, 0) = f(x)

(A) Solve for the equilibrium temperature distribution, ueq(x). Here, α and T0 are
positive constants.

(B) Write a system, including boundary and initial conditions, for v(x, t) = u(x, t)−
ueq(x).
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(C) Solve for v(x, t). Do not simply any integrals. Also, you can write “ueq(x)”
rather than the solution obtained from (A).

(D) Show lim
t→∞

u(x, t) = ueq(x).

15. f(x) is defined on 0 ≤ x ≤ L and has the following graph.

0 L
−5

5

(A) Write the Fourier Cosine Series for f(x), identifying the coefficients.

(B) Sketch the Fourier Cosine Series of f(x) for −3L ≤ x ≤ 3L. Mark with an * the
points at which the FSS doesn’t converge to f(x−) or f(x+), if any such points
exist.

−3 L −2 L −L 0 L 2 L 3 L
−5

5

(C) Is the Fourier Cosine Series of f(x) term-by-term differentiable? Briefly justify
your answer.

16. Traveling wave.
Consider a vibrating string (with fixed ends) that is initially at rest,

utt = c2uxx,

u(0, t) = u(L, t) = 0,

u(x, 0) = f(x), ut(x, 0) = 0.

Show that

u(x, t) =
1

2
[F (x− ct) + F (x+ ct)]

where F (x) is the odd periodic externsion of f(x).

Hint: sinα cosβ = 1
2 [sin(α+ β) + sin(α− β)].
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17. Derive all the standing wave solutions to the following 1-D vibrating string system
with one end fixed and the other end free.

utt = c2uxx

ux(0, t) = 0

u(π, t) = 0

(The initial conditions are immaterial to this question).

18. Take the following Sturm-Liouville problem:

φ′′(x) + λφ(x) = 0

φ(0) = 0

φ(1) = 0

(a) Come up with a reasonable test function for estimating the smallest eigenvalue.

(b) Estimate the smallest eigenvalue.

(c) Is your estimate larger, smaller, or equal to the real value?

19. Using the fact that the linear operator for a regular Sturm-Liouville problem is self-
adjoint, prove that two eigenfunctions of the operator are orthogonal. You do not
have to prove that the operator is self-adjoint, just use that property.

20. Using two functions u(x) and v(x) which obey the same regular Sturm-Liouville
boundary conditions, prove that that Sturm-Liouville operator is self-adjoint.

21. Consider a Sturm-Liouville problem

d

dx

[
p(x)

dφ

dx

]
+ q(x)φ+ λσ(x)φ = 0

with boundary conditions

φ′(1)− 2φ(1) = 0, φ(2) = 0.

Here p, q, σ are given functions and p(x) > 0, σ(x) > 0, q(x) ≤ 0.

(A) Prove the self-adjointness of this problem. (Hint: apply the Green’s formula
and handle the boundary terms carefully.)

(B) Use the Rayleigh’s quotient to show that all the eigenvalues are strictly positive.

(C) State the orthogonality condition for this problem. Please skip the proof.
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22. The following PDE system is defined on a half disk such that 0 < r < a, 0 < θ < π,
t > 0.

ut(r, θ, t) = k∇2u(r, θ, t)

u(a, θ, t) = 0

u(r, 0, t) = 0

u(r, π, t) = 0

u(r, θ, 0) = α(r, θ)

(A) State any remaining boundary conditions consistent with the physics.

(B) If a product solution u(r, θ, t) = T (t)φ(r, θ) is posited, then the spatial equation
is

∇2φ+ λφ = 0.

Solve this eigenvalue problem based on the boundary conditions. Note that the
spatial domain is a half-disk and the boundary conditions are NOT periodic.

23. The following PDE system is defined on a quarter-disk for 0 ≤ r ≤ A, 0 ≤ θ ≤ π/2.

ut(r, θ, t) = k∇2u(r, θ, t)

B.C. 1 u(A, θ, t) = 0 for 0 ≤ θ ≤ π/2
B.C. 2 u(r, 0, t) = 0 for 0 ≤ r ≤ A
B.C. 3 u(r, π, t) = 0 for 0 ≤ r ≤ A

u(r, θ, 0) = α(r, θ)

(A) Derive the associated 2D Sturm-Liouville problem for φ(r, θ). Specify all the
boundary conditions. Note that the spatial domain is a quarter-disk and the
boundary conditions are not periodic.

(B) Show that the eigenvalues and eigenfunctions are

λmn = (
zmn
a

)2, φmn(r, θ) = Jm(
zmn
a
r) sin (2mθ)

for m = 1, 2, 3,... and n = 1, 2, 3, ... Here, Jm(z) is the 1st kind of Bessel
function of order m and zmn (n = 1, 2, 3, ...) are the zeros of Jm(z).

24. Consider a string of length L = π with fixed ends. It vibrates under the influence of
an external source.

utt = c2uxx + e−2t sin (3x)

u(x, 0) = f(x)

ut(x, 0) = g(x)
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Assume we know for a fact that the associated Sturm-Liouville problem has a com-
plete set of eigenvalues and eigenfunctions

λn = n2, φn(x) = sin(nx), for n = 0, 1, 2, ...

(A) Use eigenfunction expansion on the PDE. Generate a set of second order ODEs
for the coefficient functions in the expansion. Simplify all integrals, but do not
solve the ODEs.

(B) Specify the initial conditions for the ODEs in terms of f(x) and g(x).

25. Prove the Shifting Theorem of Fourier Transformations. That is, if F [f(x)] = f̂(ω),
then F [f(x− c)] = eicωf̂(ω).
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