
Math 454 Homework Four

Due: Friday June/5

1. Use the Rayleigh quotient to obtain a (reasonably accurate) upper bound for the

lowest eigenvalue of

d2φ

dx2
+ (λ− x2)φ = 0

dφ

dx
(0) = 0,

dφ

dx
(1) + 2φ(1) = 0,

2. The motion of a vibrating membrane with damping can be described as

utt = c(x, y)2∇2u− kut,

BC: u(x, y, t) = 0 for (x, y) ∈ ∂Ω.

Here k > 0 is the damping constant.

(a) Find the associated Sturm-Liouville problem with proper boundary conditions.

(b) Prove the self-adjointnes of the operator obtained from part (a).

3. We proved Green’s formula in class∫
Ω

(∇2u)v − u(∇2v) =

∫
∂Ω

(∇u · ~n)v − u(∇v · ~n).

It is also called Green’s second identity. Green’s first identity is∫
Ω

(∇2u)v +∇u · ∇v =

∫
∂Ω

(∇u · ~n)v.

Prove Green’s first identity by following a similar idea for Green’s second identity.

In particular, use the Divergence Theorem.
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4. Find a solution formula for the heat equation in a 3D box Ω = {(x, y, z)|x ∈
[0, L1], y ∈ [0, L2], z ∈ [0, L3]} with insulated boundaries (and therefore boundary

conditions of type 2).

ut = k∇2u,

∇u(x, y, z, t) · ~n = 0 for (x, y, z) ∈ ∂Ω,

u(x, y, z, 0) = f(x, y, z) for (x, y, z) ∈ Ω.

5. Consider the 2D eigenvalue problem

∇ · (p∇φ) + λσ(x, y)φ = 0

with p(x, y) > 0 and σ(x, y) > 0. The boundary condition is φ|∂Ω = 0. Prove that

(a) the associated linear operator is self-adjoint with respect to the prescribed

boundary condition;

(b) Eigenfunctions associated with different eigenvalues are orthogonal with re-

spect to weight σ.

6. Prove λ ≥ 0 for the multi-dimensional eigenvalue problem

∇2φ+ λφ = 0, on Ω,

αφ+ β∇φ · ~n = 0 on ∂Ω,

with αβ > 0 on ∂Ω. Then show that λ > 0.
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