
Math 454
Homework Three

Due: Friday May/29

1. Derivation of Sturm-Liouville problem. Derive the associated Sturm-Liouville
problem for the following PDEs. Specify the boundary conditions.

(a) Schrödinger equation in 1D,

iut = −kuxx,

u(0, t) = u(π, t), ux(0, t) = ux(π, t).

(b) Heat equation in a 2D disk with circular symmetry (therefore u = u(r, t) and
uθθ = 0),

ut =
k(r)

r
(rur)r,

u(a, t) = 0, ur(b, t) = 0.

(c) Beam equation,
utt + uxxxx + εut + ku = 0,

u(0, t) = u(1, t) = 0,

uxx(0, t) = uxx(1, t) = 0.

2. Solving Sturm-Liouville problem. Derive and solve the Sturm-Liouville prob-
lem associated with the Klein-Gordon equation

utt = c2uxx − k2u,

u(−L, t) = u(L, t), ux(−L, t) = ux(L, t).

3. Orthogonal eigenfunctions. Consider a Sturm-Liouville problem

d

dx

[
p(x)

dφ

dx

]
+ q(x)φ+ λσ(x)φ = 0
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with boundary conditions

φ(1) = 0, φ(2)− 2φ′(2) = 0.

Here p, q, σ are given functions and p > 0, σ > 0.

(a) Prove the self-adjointness of this problem. (Hint: apply the Green’s formula
and handle the boundary terms carefully.)

(b) Prove the orthogonality condition for the eigenfunctions. (Hint: notice the
weight function σ.)

(c) Derive a formula for an in the generalized Fourier series

f(x) ∼
∞∑
n=1

anφn(x)dx.

(Hint: notice the weight function σ.)

4. Nonuniform vibrating string. The 1D wave equation on a nonuniform string
can be written as

utt = c2(x)uxx

with
BC: u(0, t) = u(L, t) = 0,

IC: u(x, 0) = f(x), ut(x, 0) = g(x).

(a) By separation of variables, derive the associated Sturm-Liouvill problem.

(b) Show the self-adjointness of the Sturm-Liouville problem you obtain in (a).

(c) Assume the Sturm-Liouville problem has eigenvalues λn and associated eigen-
function φn(x). Find a solution formula for u(x, t). Include the initial condi-
tion in your formula. (Hint: notice the weight function σ(x) = 1

c2(x)
.)

5. Consider the boundary value problem

φ′′ + λφ = 0

φ(0)− φ′(0) = 0, φ(2) + φ′(2) = 0.

(a) Using the Rayleigh quotient, show that λ > 0.

(b) Show that, any eigenvalue λ satisfies,

tan 2
√
λ =

2
√
λ

λ− 1
.

Use Matlab/Maple to plot both sides of the equation and graphically deter-
mine the smallest 3 eigenvalues.
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