
Math 454

Homework One

Due: Friday May/15

1. Derive the heat equation for an L-long rod assuming constant density ρ, specific

heat c, and thermal conductivity K. The cross-sectional area A(x), though, is

variable (but
√
A� L, so you may still use a 1D derivation).

2. Let function f(s) be differetiable. Verify that u(x, t) = f(x − 2t) is a solution to

the wave equation

utt = 4uxx.

3. Use integration by parts to show that∫ b

a

f ′′(x)g(x)− f(x)g′′(x) dx = [f ′(b)g(b)− f(b)g′(b)]− [f ′(a)g(a)− f(a)g′(a)]

4. Compute the integral ∫ 1

0

sin(nπx) sin(mπx) dx

for two cases: n 6= m and n = m

5. By using u(x, t) = X(x)T (t) or u(x, y, t) = X(x)Y (y)T (t), separate the following

PDEs into two or three ODEs for X and T or X, Y , and T . The parameters c

and k are constants. You do not need to solve the equations. NOTE: one of the

equations cannot be separated. Inidicate this when you discover that equation.

(a) utt = 2(xux)x;

(b) ut = κ (uxx − 2uyy);

(c) ut − cux = κuxx;
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(d) ut = κ (y2ux − 2xuy).

6. Use separation of variables to find the solution, in the form of an infinite series,

of the homogeneous heat conduction problem with von Neumann boundary condi-

tions:

PDE:
∂u

∂t
= κ

∂2u

∂x2
, (0 < x < L, t > 0)

BCs:
∂u

∂x
(0, t) = 0,

∂u

∂x
(L, t) = 0, (t > 0)

ICs: u(x, 0) = f(x) (t = 0)

Proceed as follows:

(a) Assume u(x, t) = φ(x)G(t) and derive the ODEs satisfied by φ(x) and G(t).

(b) Solve the ODEs for φ(x) and G(t), and determine the allowed values for the

separation constant λ.

(c) Show that the eigenfunctions of the spatial eigenvalue-eigenfunction problem

are mutually orthogonal.

(d) Write the solution in terms of an infinite series with coefficients Bn, and derive

a formula for the Bn in terms of an integral involving the intial condition

u(x, 0) = f(x).

7. Consider the modified heat equation

ut = kuxx − αu

The represents a 1D rod through which heat is leaking through the lateral sides at

rate α > 0. Let the boundary conditions be u(0, t) = 0 and u(L, t) = 0.

(a) Find the equilibrium temperature distribution (for α > 0).

(b) Use separation of variables to solve for u(x,t).

(c) Take the limit limt→∞ of your answer to (b). Do you recover your result from

(a)?
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8. Solutions of Laplace’s Equation in Polar Coordinates.

Using separation of variables, solve Laplace’s equation inside a 60◦ wedge of ra-

dius a, subject to the boundary conditions

u(r, 0) = 0 ,

u(r, π/3) = 0 ,

u(a, θ) = f(θ) .

9. Solutions of Laplace’s Equation in 2D.

Using separation of variables and the principle of superposition to solve the follow-

ing boundary value problem:

uxx + uyy = 0 , for (x, y) ∈ (0, L)× (0, H),

u(0, y) = f(y) ,

u(L, y) = 0 ,

u(x, 0) = g(x) ,

u(x,H) = 0 .
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