
Math 371 (Numerical methods)

Chapter 1. Getting started

1 (Jan 08) § 1.3 Floating point number system

β base. n number of significant digits. k exponent.

±(0.
siginificand

d1d2...dn )β × βk, d1 6= 0 except for zero

Given number x.y, how to calculate its floating point representation with base β?

(optional)

Roundoff error is introduced by converting a real number to its floating point

equivalent.

IEEE standard. e.g. double precision β = 2. Each number occupies 64 bits.

one number

64bits =
two signs

2bits +
siginificand

52bits +
exponent

10bits

Resources of error: theory, model, algorithm (numerical methods), roundoff error,

experimental data ...

• Example.An object with measurements volume = 5±2m2 and mass = 1±0.001kg.

Find the range of its density.

• Example.In a number system with β = 10 and n = 4, the numbers a = 1 and

b = 1.0001 are considered “the same” due to roundoff. Then calculation
2

a− b
becomes

N/A. This is called cancellation error → subtraction of nearly equal numbers should

be computed in other ways (see next section)

2 (Jan 13) § 1.4 Finite precision arithmetic

Finite precision of computer algorithm is due to the finite digits used in a floating point

system.

A major disadvantage of floating point system is cancellation error. It happens in

such calculation b− a that |b− a| � |b+ a| (decrease of maginitude → loss of significant

digits).

Quadratic formula.

ax2 + bx+ c = 0→ x =
−b±

√
b2 − 4ac

2a

1



The cancellation error from the numerator may cause inaccurate siginificand, esp. when

one root is close to zero and the other is not (ill conditioned).

• Example.Consider 0.2x2− 47.91x+ 6 = 0. To 10 sinificant digits (higher precision),

the roots are 0.2394246996× 103 and 0.1253003555. But with 4 digits (lower precision),

the arithmetic gives 0.2394× 103 (ok) and 0.15 (loss of precision).

note:
√

47.912 − 4 · 0.2 · 0.6 =
√

2295− 4.8 =
√

2290 = 47.85

x1,2 =
47.91± 47.85

0.4
cancellation error in the small root.

To avoid subtraction of nearly equal numbers, reformulate the problem by rational-

izing the numerator

−b−
√
b2 − 4ac

2a
=

2c

−b+
√
b2 − 4ac

=
2 · 6

47.91 + 47.85
= 0.1253 ok!

Finite difference. Heuristic: f ′(x) = limy→x
f(y)− f(x)

y − x
. Thus,

f ′(x) ≈ D+f(x) =
f(x+ h)− f(x)

h
for small h > 0. (1)

Called forward difference approximation. Also, backward difference, centered difference

...

The error comes from two sources:

1. truncation error due to discretization (derivative→ finite difference). By the Taylor

series f(x + h) = f(x) + f ′(x)h + f ′′(x)h2/2 + ... = f(x) + f ′(x)h + f ′′(ξ)h2/2 for

some ξ ∈ [x, x+ h], we have

D+f(x) =
f(x+ h)− f(x)

h
= f ′(x) + f ′′(ξ)h/2 = f ′(x) +O(h)

where the symbol O(h) means “of order h”, a.k.a “big O of h”. So the truncation

error≤ Ch where constant C = max f ′′(ξ)/2.

2. roundoff error ≈ “machine precision 2−52 × f(x)” in computing f(x + h) − f(x).

Then, this error is amplified by a factor of 1/h in (1).

2−52 × f(x)

h
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So, the total error is majorized by one of the two, depending on h >
√

2−52 or

h <
√

2−52.

• Example.If f(x) = ex and x = 1, then f ′(1) = e = 2.71828... is the exact value.

By setting, for instance, h = 0.05, 0.025, 0.125 and h = 2−28, 2−35, 10−48, we calculate the

following table

h D+f D+f − f ′(x) (D+f − f ′(x))/h

0.05 2.7874 0.0691 1.3821

0.025 2.7525 0.0343 1.3705

0.0125 2.7353 0.0171 1.3648

(As h→ 0, the tendency of convergence seems ...)

“0” e “0” e/2

(however)

2−28 2.718 3.666× 10−8 9.841

2−35 2.718 1.041× 10−5 3.576× 105

2−48 2.75 0.0317 8.928× 1012

Each line in this table can be calculated using Matlab code

h=0.05;

a(1)=h; a(2)=(exp(1+h)-exp(1))/h; a(3)=a(2)-exp(1); a(4)=a(3)/h;

a

The last line, without semicolon, prints out the value of a in the command window.

To make the above code reusable, we encapsulate it in a function Ch1F1

function a=Ch1F1(h)

a(1)=h; a(2)=(exp(1+h)-exp(1))/h; a(3)=a(2)-exp(1); a(4)=a(3)/h;

Store this code in a file named Ch1F1.m and call this function from the command window

or within another function.

Tip: use format short e before displaying an array so that each entry of the array

has its own exponent. Try format short and see the difference.
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