
Math 371 Numerical Methods

Homework 7. Due: April 9

Computational problems are marked with ∗. Please include your code and output but

limit the print-out within four pages.

Consider a vibrating string of length L = 1. Its ends are fixed. Let k(x) be a physical

parameter inversely proportional to the density of the string at position x. By standard

PDE theory, the following eigenvalue problem

−k(x)uxx = λu, u(0) = u(1) = 0

admits eigenvalues 0 < λ1 < λ2 < λ3... that determine the squared frequencies of the

sounds produced by the string. In particular,
√
λ1, called the “fundamental frequency”,

is a major auditory attribute of a sound.

1. Use discretization to transform the PDE into a linear system. Set the grid size

h = 1/1000.

2. * For k(x) = 1/π2, compute the smallest eigenvalue λ1 and plot the associated

eigenvector. Then, compute λ2, λ3 and plot the corresponding eigenvectors. (Note,

use matlab code pi for an accurate value of π).

3. Briefly discribe the pattern you observe in the result from (2).

4. * Introduce some defect in the string so that it’s lighter near x = 0 and heavier

near x = 1. The k function is given as

k(x) =
1

π2(1 + 0.05x)
.

Due to the relatively small defect, eigenvalues of this problem are not too far from

those from (2). Having your previous result as initial guess, use the Rayleigh quotient

iteration to compute λ1, λ2, λ3 and plot the associated eigenvectors.

5. For the string to make musical sound, we prefer the frequencies
√
λi to be multiples

of the fundamental frequency
√
λ1. This is indeed the case for the uniform string

with k(x) = 1/π2. What happends to the non-uniform string with a different k(x)?

6. Extra credits will be given to programs that incorporate at least one speed-up

strategy, e.g. LU factorization, SOR method, Thomas algorithm. Comment well.
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