
Math 371 Numerical Methods

Homework 6. Due: April 2

Computational problems are marked with ∗. Please include your code and output but

limit the print-out within four pages.

1. * Apply the power method, the inverse power method with shift µ = 5 and the

Rayleigh quotient iteration to matrix A =

2 1 1

1 3 1

1 1 4

 and initial guess ~v(0) =

1/
√

3

1/
√

3

1/
√

3

. Perform 3 iterations with each method, record λ(3) and indicate the

number of significant digits that are accurate in each method.

Power method Inverse Power Rayleigh quotient

λ(3)

accurate digits

2. In problem 1, find the theoretical values of the convergence rate for the power

method and inverse power method.

3. * Let A be a 3000-by-3000 symmetric matrix with entries

Ai,i = i, for 1 ≤ i ≤ 3000,

Ai,i+17 = Ai+17,i = −2i, for 1 ≤ i ≤ 3000− 17,

and zeros elsewhere.

(a) Write a subroutine c=mult(b) that takes a 3000-by-1 vector b and calculates

c = Ab. Your code will take into account the sparsity of A for otherwise it

would take tens of millions operations just to do a single multiplication.

(b) Use this subroutine to implement the power method to find the largest eigen-

value of A with a stopping condition
∣∣(λ(k) − λ(k−1))/λ(k)

∣∣ < 10−5. Then, plot

the principle component ~v1 by using the Matlab command plot().

4. Consider a symmetrix, real matrix A. Given an approximate eigenvector ~x, we can

estimate the associated eigenvalue by the Rayleigh quotient

r =
~xTA~x

~xT~x
.
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Let the exact eigenpair be (~v, λ) so the error in the eigenvector is ~e = ~x−~v. Prove

that the error in the eigenvalue is

r − λ =
~eT (A− λI)~e

~xT~x

and therefore

|r − λ| ≤
(
‖~e‖2
‖~x‖2

)2

‖A− λI‖2.

5. Let A be symmetric positive definite. Suppose we’ve found the largest eigenvalue λ1.

By using the shifting technique, design an iterative algorithm to find the smallest

eigenvalue λn without inverting any matrix. Describe the mathematical founda-

tion but do NOT implement it.
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