
Math 216 Homework 2

[ Due at 10am – Thursday – July 10, 2008 ]

1 Readings

§ 2.3–2.6, 3.1–3.3, Text supplement on complex numbers at

http : //www.math.lsa.umich.edu/courses/216/LinkTargets/ComplexNumbers.pdf

2 Written part

2.1 Acceleration-velocity models

Let an object (with mass m) start a vertical motion near the surface of the Earth with

initial velocity v0. Let the resistance be proportional to vp, that is FR = −kv|v|p−1.

i) Briefly explain why we use an absolute value in the formula for FR.

ii) Write down an DE for the velocity v.

iii) Without solving the DE, use a phase diagram to study the asymptotic behavior of

v(t) as t→∞. In particular, find the terminal speed. Does it matter if the initial velocity

v0 > 0 or v0 < 0?

2.2 Extrapolation of numerical methods

The idea of extrapolation is to use some approximate solutions with lower order accuracy

to construct an approximate solution with higher order accuracy.

For instance, we know how to use 1st order Euler’s method to approximate y(0.5) for

dy

dx
= y − x, y(0) = 2. Notice the initial condition is changed.
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Let yh(0.5) denote the approximate solution obtained with step size h. Then the accumu-

lative error can be roughly written as

y(0.5)− yh(0.5) ≈ Ch. (1)

The above formula (1) looks questionable since, in this class, only the upper bound of the

error is available |y(0.5) − yh(0.5)| ≤ Ch. Nevertheless, we assumer (1) is true. Now,

assume also that we can obtain a better formula than (1)

y(0.5)− yh(0.5) ≈ Ch + Dh2. (2)

Here both C, D are constants. Then, replacing h with h/2 in (2) yields

y(0.5)− y
h
2 (0.5) ≈ C

h

2
+ D

h2

4
. (3)

Now, combining (2) and (3), show that

2y
h
2 (0.5)− yh(0.5) is a 2nd order approximation of y(0.5).

2.3 Linear independence and Wroskian of solutions

Consider two functions (not necessarily solutions)

y1 = x, y2 = x2 + 3

i) Compute the Wroskian W [y1, y2] and show that {y1(x), y2(x)} are linearly indepen-

dent for x ∈ [−1, 1] but not for x ∈ [−2, 2].

ii) Is it possible that y1, y2 be two solutions of a linear DE for x ∈ [−1, 1]? What about

x ∈ [−2, 2]? What about x ∈ [2, 4]? Explain.

2.4 General solutions

Find the general solution to

y′′ − y′ + 2y = 0.

Make sure to check the linear independence of the special solutions.
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2.5 4rd order linear DE with constant coefficients

Consider the following DE

y(4) + 4y(3) + 10y′′ + 12y′ + 5y = 0.

Knowing that the roots of the characterisitc equation are -1, -1, -1+2i, -1-2i, write a general

solution of this DE.

3 Compuational part

3.1 Extrapolation of numerical methods

Implement the idea of 2.2 with h = 0.1 and compute the accumulative errors of yh(0.5), y
h
2 (0.5)

and 2y
h
2 (0.5)− yh(0.5). Here you will need to solve the DE exactly as well as numerically.

The programs from Homework 1 may be of help.

3.2 Plotting solution families

Plot 5 different solution curves y1, y2, y3, y4, y5 for the DE in 2.5. These 5 solutions

respectively satisify y1(0) = −2, y2(0) = −2, y3(0) = −2, y4(0) = 3, y5(0) = 4. Consult

application module 3.1 and 3.2

3.3 High order linear equations

Use Maple or other softwares to solve

y′′′ − y = 0, y(0) = y′(0) = y′′(0) = 2.
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