
MAT 425 Midterm practice March 24, 2011

MAT 425. Midterm Exam: practice problems

**********************************************************************
Honor Statement

By signing below you confirm that you have neither given nor received any unautho-
rized assistance on this exam.

Signature: Date:
**********************************************************************

Open book. Open notes. No electronic device is allowed.

1. When using the Centered Difference to approximate the second derivative

f ′′(x)≈ f (x+h)−2 f (x)+ f (x−h)
h2 ,

we find that, as the step size h decreases, the total error first decreases but then
increases after h passes below certain small value. Explain this phenomenon using
the concepts of truncation error and rounding error. (Hint: a similar problem on
page 8 of the textbook).

2. Find the 2nd degree polynomial that interpolates (-1,-10), (0,-1), (1,0) using 3 differ-
ent approaches: one with the monomial basis, one with the Lagrange basis functions
and one with the Newton basis functions. In particular, use divided differences in
Newton interpolation.

3. What happens if we interpolate the Runge’s function f (t)= 1/(1+25t2) at n equally
spaced points between [−1,1] for large n’s? If we use Newton-Cotes quadrature to
approximate ∫ 1

−1

1
1+25t2 dt ≈

n

∑
i=1

wi f
(
−1+

2(i−1)
n−1

)
,

will it be more accurate for larger n’s? Briefly explain.
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4. Explain the differences between Hermite cubic interpolation and cubic spline inter-
polation. Explain why a cubic spline interpolation can be uniquely determined if
we force the 2nd derivative to be zero at the 2 endpoints (which gives the natural
spline).

5. Use Taylor Series to show that the Centered Difference for 1st derivative

f ′(x)≈ f (x+h)− f (x−h)
2h

is of second order accuracy.

6. Use Richardson Extrapolation on the Backward Difference

f ′(x)≈ f (x)− f (x−h)
h

to derive a new formula to approximate f ′(x) in terms of f (x), f (x− h
2), f (x− h).

Then, find the order of accuracy for the new formula.

7. Suppose we want to approximate the integral

I( f ) =
∫ 2

−2
f (x)dx

using a 3-point quadrature

Q3( f ) = w1 f (−1)+w2 f (0)+w3 f (2).

(a) Find the weights w1,w2,w3 using the method of undetermined coeffients and the
monomial basis;
(b) Find the weights w1,w2,w3 using Lagrange interpolation;
(c) What is the degree of the resulting quadrature and what is the error bound?

8. Describe how to use the composite trapezoid rule to estimate integral
∫ b

a f (x)dx.
Write down the formula as well.

9. Derive an open, 2-point Newton-Cotes quadrature with 2 different approaches: one
with the monomial basis and one with Lagrange interpolation.
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10. Knowing the 2-point Guassian quadrature on interval [−1,1] is∫ 1

−1
f (x)dx≈ f (−1/

√
3)+ f (1/

√
3),

derive the 2-point Guassian quadrature for general interval [a,b], that is, find w1,w2,x1,x2

in terms of a,b in ∫ b

a
g(x)dx≈ w1g(x1)+w2g(x2)

such that the approximation is exact for any polynomial g(x) of degree 3 or less.

11. Transform the initial value problem

y(n)(t)+ y(t) = f (t), y(0) = y0, y′(0) = y1, ..., y(n−1)(0) = yn−1

into an n×n system of 1st order differential equations. Specify the initial conditions
for the new system as well.

12. Determine if the solutions to the following systems are stable, asymptotically stable
or unstable. Briefly explain.
(a) x′ = y, y′ =−2x
(b) x′ = x−3y, y′ = 2x−4y
(c) x′ =−2x, y′ =−3x− y, z′ = x−4y+2z.

13. Prove that if~y = DFT (~x), then

~x =
1
n

DFT (~y)

where the overbar indicates complex conjugate.

14. We have learned the mechanism behind Fast Fourier Transform when the length
of the input sequence n is a power of 2 with computational cost O(n log2 n); we
also did a homework problem for n being a power of 3 with computational cost
O(n log3 n). Describe how you would design a code for n = 2s3t with computational
cost O(n · s · t). You may use a pseudo-code for convenience. Make references to the
textbook/notes but do not make lengthy copy of them.
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