
MAT 425 Final Exam: Review

9:40am Thursday May 5, 2011 at the usual room

Open book. Open notes. No electronic device is allowed.

• Sections to be covered in the Final.
7.1–7.4
8.1–8.7
9.1–9.3
10.1-10.6
11.1-11.2
No Chapter 1, Chapter 12

• Distribution of points.
30% for Chapters 7,8;
70% for Chapters 9, 10 ,11.

• Practice problems for Chapter 7 and 8 can be found in the Midterm reviews.

• Practice for Chapter 9

9 (i). Does each of the following equations/systems admit stable, unstable and/or
asymptotically stable solutions?
(a) y′′+5y = 0
(b) x′+ x = 2y, y′ = 10x
(c) y′+20y = 0.
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9 (ii). If we apply Forward Euler method to solve

y′′+50y′+3000y = 0,

what will happen numerically if the step size is 0.1? Explain in details this
phenomenon.

9 (iii). Use the scalar test ODE y′ = λy to show that the implicit Trapezoidal rule is
unconditionally stable for stiff problems.

9 (iv). Use the scalar test ODE y′ = λy to study the order of accuracy for Heun’s
method.

9 (v). Derive the stability region for Heun’s method and explain how it should be
applied to guarantee numerical stability.

• Practice for Chapter 10

10 (i). Rewrite the following BVP of 2nd order ODE as 1st order ODE system.
Also, specify the boundary conditions for the new system.

u′′+2u′−7u = 2sin(3t),u(0) =−1, u′(0.8)+2u(0.8) = 3

10 (ii). Express the BC for the new system in 10 (i) in the form

Ba~y(a)+Bb~y(b) =~c

where~y is the unknown vector. Specify Ba,Bb which are constant matrices and
~c which is a constant vector.

10 (iii). Apply a finite difference method (centered differeces for both u′′ and u′) to
the 2nd order ODE in 10 (i), that is

u′′+2u′−7u = 2sin(3t),u(0) =−1, u′(0.8)+2u(0.8) = 3,

with step size h = 0.2. Write down the resulting linear system equation by
equation; then write it in matrix-vector form. Highlight where the BCs are
implemented in your linear system.
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10 (iv). When applying the Galerkin method to solve a BVP of 2nd order ODE, we
typically have to solve a system of equations

A~x =~b

where a typical entry in the stiffness matrix A looks like

Ai j =−
∫ b

a
φ
′
i(t)φ

′
j(t)dt.

Here, {φi(t)}N
i=0 are the basis functions.

(a) Once the unknown vector ~x = (x0,x1, ...,xn)
T has been obtained, what is

the approximate solution?
(b) Between choosing {φi(t)} as trigonometric polynomials and as B-splines,
which choice will lead to a sparse system A~x =~b and why? The other choice
will require solving a dense system but is still useful in practice; why?

10 (v). Consider once again the BVP

u′′+2u′−7u = 2sin(3t),u(0) =−1, u′(0.8)+2u(0.8) = 3.

If we apply the collocation method with monomial basis functions so that the
approximate solution is u(t) = x0 + x1t1 + x2t2 + x3t3, what does the left BC
u(0) = −1 imply in terms of x0,x1,x2,x3? What about the right BC u′(0.8)+
2u(0.8) = 3? Write down the resulting linear system equation-by-equation.
The collocation points may be chosen uniformly or nonuniformly spaced (note:
only one choice for the number of points!) You don’t have to simplify constants
such as −7∗0.43.

• Practice for Chapter 11.

11 (i). Which one of the following is elliptic, hyperbolic or parabolic PDEs?
(a) ux = 3uyy

(b) uxx +3uyy = 2x2− y2

(c) 2utt−uxx = 0

11 (ii). Consider the initial-boundary-value problem

ut = 2uxx−ux, u(0) = 0, u(π) = 0.
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(a) Derive the semi-discrete method using Finite Difference method with 99
interior mesh points in the x-direction. In particular, describe the numerical
pattern in the resulting ODE system

d
dt
~y = A~y

where matrix A could be written as a sum of two matrices corresponding to uxx

and ux. Also, highlight where the boundary conditions are implemented.
(b) Write a pseudo-code to solve the ODE system obtained in part (a) using
the Heun’s method; the code takes argument A, mesh size ∆x, ∆t, final time T
and initial condition u(x,0) = f (x).
(c) If we apply a spectral method with the following approximation

u(x, t)≈ y1(t)sinx+ y2(t)sin2x+ y3(t)sin3x

and collocation points x= 0.25π,0.5π,0.75π, what is the resulting semi-discrete
method

d
dt
~y(t) = A~y?

11 (iii) If we apply the explicit Forward Euler method to numerically solve

ut = αuxx +βu

where α > 0,β≥ 0 are constant parameters coming from the application, what
is the CLF condition in terms of α,β,∆x,∆t? Use the von Neumann (Fourier)
stability analysis to derive the CLF condition.

11 (iv) Let uk
i denote the approximation of u(xi, tk) which solves the PDE from the

previous problem. We apply the Crank-Nicolson method to find uk
i .

(a) Write down the implicit equation to advance the solution from time level
t = tk to t = tk+1.
(b) Study the truncation error and show that Crank-Nicolson method is 2nd
order accurate in space and time.
(c) If β = 0 in the PDE, then the Crank-Nicolson method is unconditionally
stable. What is the implication in terms of choosing step sizes ∆x,∆t?
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