
MAT 425 HW 6 Due May 3, 2011

MAT 425. Homework 6
Due May 3, 2011

Computational problems are marked with an *.
Points: 30

Reaction-diffusion equations are a family of Parabolic PDEs. They are often used to model
spatially varying population dynamics. We will study the following toy model

ut = 0.5u(1−u)+αuxx;

u(0, t) = 0.1, u(1, t) = 0.7;

u(x,0) = 0.1+0.6x.

Here, the diffusion coefficient α is a constant that will be specified later. The step sizes
∆x,∆t will also be determined later.

1. (10’) Apply a finite difference method (centered difference in space and forward
difference in time) and give a mathematical description of the scheme particularly
for this equation. Include α, ∆x, ∆t as parameters. You can use matrix-vector form
or equation-by-equation form. Either way, highlight where the boundary conditions
are implemented.

2. (4’) The first graph of 3 plots on the next page is a demo for parameters α = 0.0005,
∆x = 0.01, ∆t = 0.05. Explain how the CFL condition

α
∆t

∆x2 ≤ 1/2

is satisfied. For extra 10 points, use von Neumann stability analysis (a.k.a. Fourier
stability analysis) to derive the above CFL condition.

3. (4’) If we set the parameter k = 0.002 and use the same spatial resolution ∆x = 0.01
as in Part 2, what values of ∆t can we use in accordance with the CFL condition?
Note that the same ∆t as in Part 2 would lead to unstable numerical solution — see
the second graph on next page.

4. * (12’) Write a program to compute the numerical solutions in the settings of Part 3
and plot the solutions at T = 1,5,25 respectively. Include your code in its entirety
and include the 3 plots as well. To cross-check your code,
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a) use the settings and graphs from Part 2;
b) expect the solution curves with k = 0.002 to have “rounder” corners than those
with k = 0.0005. (Side note: this shows the smoothing effect of diffusion.)
c) expect the maximum of the solution increases and approaches 1 as time goes by.
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