
MAT 425 HW 4 Due April 7, 2011

MAT 425. Homework 4
Solutions.

Computational problems are marked with an *.

1. It is possible. For example the exact solution to the ODE

y′ =−100y

is y(t) = y(0)e−100t which is asymptotically stable. But if we apply the forward
Euler method with step size h = 0.1, then λh =−100∗0.1 =−10 which does NOT
lie within the stability region of forward Euler method {z : |z− 1| ≤ 2} and thus
the numerical solution becomes unstable. In fact, the numerical solution will grow
exponentially fast as it evolves with time t and soon exceed the capacity of any
computer.

4. The 2nd last equation (the one above Example 9.12) on page 405 is the Heun’s
method applied to y′ = f (t,y). Now, for the scalar test ODE y′ = λy, we have
f (t,y) = λy and correspondingly

k1 = λyk, k2 = λ(yk +hk1) = λ(yk +hλyk)

Thus, the updating scheme of Heun’s method from yk to yk+1 for this scalar test
ODE is

yk+1 = yk +
h
2
(k1 + k2) = yk +

h
2
(λyk +λ(yk +hλyk))

and upon factoring out yk, it becomes

yk+1 = yk(1+hλ+
1
2
(hλ)2)

Thus, the growth factor is

g = 1+hλ+
1
2
(hλ)2.

It reveals two things. First, for the numerical solution to be stable, one requires
|g| ≤ 1, that is, ∣∣∣∣1+hλ+

1
2
(hλ)2

∣∣∣∣≤ 1

so that the stability region is

Ω = {z : |1+ z+
1
2

z2| ≤ 1}.
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Second, we compare the numerical growth factor g against the exact growth fact
gexact = eλh which comes from the fact that the exact solution satisfies y(tk+1) =

eλhy(tk). A Taylor series expansion shows

gexact = eλh = 1+λh+
1
2
(λh)2 +O(h3) = g+O(h3)

and therefore the local truncation error is of O(h3) and hence the global error should
be of O(h2). This shows the 2nd-order accuracy of Heun’s method.

5(a). Let f (y) = −y−30y2 so that the ODE becomes y′ = f (y). First, we linearize f (y)
about the initial condition y = 0.5

f (y) = f (0.5)+ f ′(0.5)(y−0.5)+ ...= constant−31y+ ...

So, around y = 0.5, the ODE behaves like y′ = constant−31y. Since−31(1−0)�
−1, this is a stiff problem. In particular, −31h must lie within the stability region of
Forward Euler method to guarantee numerical stability. In other words, we require

|−31h+1| ≤ 1

which is violated in the settings of part (a) and therefore one observes rapid growth
in the amplitude of the numerical solution, contradicting the stability of the exact
solution.
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