
MAT 425 HW 4 Due April 7, 2011

MAT 425. Homework 4
Due April 7, 2011

Computational problems are marked with an *.

1. Textbook, page 415, problem 9.21 — please also give an example including a stable
ODE and an associated unstable numerical solution with certain stepsize h.

2. Textbook, page 415, problem 9.25 — please use the concept of unconditional sta-
bility.

3. Textbook, page 417, problem 9.2(c).

4. Textbook, page 417, problem 9.10.

5. * Consider the initial value problem of an ODE

y′(t) =−y−30y2, y(0) = 0.5

We know the exact solution is

y(t) =
1

32et−30
,

and therefore the exact solution decays to 0 as t→+∞.

Your coding task. Implement the Forward Euler’s method to find an approximate
value of y(1). Experiment with the following stepsize h.

(a) Set h = 0.1. List all yk’s for k = 0,1,2, ...,10. The first several numbers will
be y0 = 0.5, y1 =−0.3, y2 =−0.54, y3 =−1.3608 and you should observe a
trend of fast growing of |yk| as k increases. Explain this uncontrolled growth
in relation to stiffness.

(b) Reduce the size of h significantly to h = 1
100 ,

1
200 ,

1
400 . Create a table with 4

columns: h, approximation of y(1), error, error with 2h divided by error with
h. The last column will only have two numbers.
Note. When the error becomes very small, Matlab may display them as 0. To
fix this, you need to enforce the numbers to be shown in exponential notation.
Here are 2 ways to do this:
1. If you use the variable name without a ; at the end to display the value of
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the variable, then add a line
format shortE

at the beginning of your code. For example, if the value of a is 201.4534, then
format shortE

a

will show 2.0145E002 where E002 indicates a factor of 102.
2. If you use a rountine fprinf(...) to display the value of the variable, then
use %E in the formatting string. For example, with a = 201.4534 as above,
fprintf(’%6.4E’, a) will show 2.0145E002 as above.

(c) What is the order of accuracy that you observe from part (b)? Is it consistent
with order 1 from theoretical investigation?

6. * Let’s consider the same IVP as in the previous problem. This time, we will imple-
ment the Heun’s method (which is a 2nd order Runge-Kutta method).

(a) Show that the formula for updating yk+1 from yk is equivalent to

yk+1 = yk +
h
2
(−yk−30y2

k− (yk +h(−yk−30y2
k))−30(yk +h(−yk−30y2

k))
2)

(b) Repeat part (b) from the previous problem.

(c) What is the order of accuracy that you observe from part (b)? Explain how you
make this observation.

7. The exact solution to the IVP

y′(t) =−y+2e−3t , y(−1) = 2

is y(t) =−2e−t−1 + e−t+2− e−3t

(a) Is this ODE stable, unstable, asymptotically stable? Explain.

(b) If we use the implicit trapezoid method, show that the updating formula for
yk+1 is equivalent to

yk+1 =
1

1+ h
2

[(
1− h

2

)
yk +h

(
e−3tk + e−3tk+1

)]
where h is the stepsize and tk =−1+ kh.

(c) (*extra points) Implement the implicit trapezoid method with h= 0.1, 0.5, 0.025
to find y(1) and then, decide the order of accuracy from your numerical results.
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