
Math 425 Numerical Analysis

Homework 1. Solutions

Computational problems are marked with ∗.
Total points 100’=25’×4.

1. The centered difference for approximating 1st derivatives of f(x) is

f ′(x) ≈ Dh
0f(x) :=

f(x+ h)− f(x− h)

2h
.

(a) If one uses D0f(x) to approximate f ′(x), the expression for absolute error is

Eabs = Dh
0f(x)− f ′(x) =

f(x+ h)− f(x− h)

2h
− f ′(x).

(Note: if you have learned forward and backward errors, we only discuss forward

error in this HW.)

What is the expression for relative error Erel?

Solution.

Erel =
Eabs

f ′(x)

(b*) Let f(x) = e3x and use Dh
0f(x) to approximate f ′(x) = 3e3x. Fix h = 0.001.

Create a table with 3 columns x, Eabs, Erel. Fill in the table for x = 0.5, 1, 1.5, 2.

Include your code.

Solution. A sample code. The entries of the table will be stored in matrix A. To

see the values of A, one can type A without semicolon in the command line and

press the enter key.

A=zeros(4,3); % create a 4 by 3 matrix, filled with zeros

h=0.001;

for k=1:4

x=k*0.5;

fprime=3*exp(3*x);

A(k,1)=x;

A(k,2)=(exp(3*(x+h))-exp(3*(x-h)))/(2*h)-fprime;

A(k,3)=A(k,2)/fprime;

end

1



(c) In your results for (b), which error grows as x increases and which one doesn’t

grow as much? Why?

Solution. The absolute errors grow much faster whereas relative errors don’t.

This is due to the 1/f ′(x) factor in the relative error. In other words, the growth in

Eabs is “balanced” by the growth in f ′(x) so that Erel = Eabs/f
′(x) does not grow

as much. (d) We know the following Taylor series

f(x+ h) = f(x) + f ′(x)h+ f ′′(x)h2/2 + f ′′′(x)h3/6 + ...

f(x− h) = f(x)− f ′(x)h+ f ′′(x)h2/2− f ′′′(x)h3/6 + ...

Plug them into the expressions in (a) for both absolute and relative errors. Af-

ter simplification, you should see the difference between these two errors that are

observed in (c). Here, leave ... as is; we will learn to deal with it later.

Solution. Subtract the above two equations and cancell out the even powers of h

f(x+ h)− f(x− h) = 2f ′(x)h+ f ′′′(x)h3/3 + ...

Then, the centered difference can be expressed in terms of powers of h as well,

Dh
0f(x) =

f(x+ h)− f(x− h)

2h
= f ′(x) + f ′′′(x)h2/3 + ...

Thus, by definition of absolute error

Eabs = f ′′′(x)h2/3 + ... = 27e3xh2/3 + ...

and relative error

Erel =
f ′′′(x)h2/3

f ′(x)
+ ... =

27e3xh2/3

3e3x
+ ... = 3h2 + ...

Now, it is clear that Eabs is of exponential growth as x grows whereas Erel is not.

2. Suppose we want to interpolation a two-variable function f(x, y) using a quadratic

polynomial

z = p(x, y) = a0 + a1x+ a2y + a3x
2 + a4y

2 + a5xy.

Also suppose we have 6 data points (xi, yi, zi) for i = 0, 1, 2, ...5. Write down

the linear system used for finding a0, a1, ..., a5. Explain what condition has be

imposed to guarantee the unique existence of such interpolation. (Hint: a linear
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system admits a unique solution if the coeffiencent matrix is invertible, that is, its

determinant is nonzero).

Solution. By definition of interpolation, we set x = x0, y = y0 and z = z0 in the

above equation

z0 = a0 + a1x0 + a2y0 + a3x
2
0 + a4y

2
0 + a5x0y0

Likewise, use (x1, y1, z1) to get

z1 = a0 + a1x1 + a2y1 + a3x
2
1 + a4y

2
1 + a5x1y1

..........................................

z5 = a0 + a1x5 + a2y5 + a3x
2
5 + a4y

2
5 + a5x5y5

Here, we have 6 equations; all the xi, yi, zi are given data; the unknowns are a0, ...a5.

Thus, this is a system of linear equations
1 x0 y0 x20 y20 x0y0

1 x1 y1 x21 y21 x1y1

... ... ... ... ... ...

1 x5 y5 x25 y25 x5y5



a0

a1

...

a5

 =


z0

z1

...

z5


The interpolation exists uniquely if and only if the matrix on the LHS above is

invertible, that is,

det


1 x0 y0 x20 y20 x0y0

1 x1 y1 x21 y21 x1y1

... ... ... ... ... ...

1 x5 y5 x25 y25 x5y5

 6= 0

3. Find the 3rd degree polynomial interpolation p(x) by hand to fit data set

(0,−1), (2, 2), (1,−2), (4, 0)

Use both the Lagrange form and the Newton form. Then, show that these two

forms are essentially the same.
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Solution. Lagrange form. Let x0 = 0, x1 = 2, x3 = 1, x4 = 4. Then, The Lagrange

basis functions are

l0(x) =
(x− 2)(x− 1)(x− 4)

(0− 2)(0− 1)(0− 4)

l1(x) =
(x− 0)(x− 1)(x− 4)

(2− 0)(2− 1)(2− 4)

l2(x) =
(x− 0)(x− 2)(x− 4)

(1− 0)(1− 2)(1− 4)

l3(x) =
(x− 0)(x− 2)(x− 1)

(4− 0)(4− 2)(4− 1)

and the interpolating polynomial is

p3(x) = −l0(x) + 2l1(x)− 2l2(x) + 0l3(x)

Newton form. We look for a0, a1, a2, a3 in

p3(x) = a0 + a1(x− 0) + a2(x− 0)(x− 2) + a3(x− 0)(x− 2)(x− 1).

They can be found using divided difference. Or, one can build the polynomials

incrementally. First, plug in the first data pair (0,-1) to get

a0 = −1

Then, plug in (2,2) to get

p3(2) = 2 = a0 + a1(2− 0) + 0 + 0

Since a0 is already obtained, we solve for a1

a1 = 1.5

Then, plug in (1,-2) to get

p3(1) = −2 = a0 + a1(1− 0) + a2(1− 0)(1− 2) + 0

Since a0, a1 are already obtained, we solve for a2

a2 = 2.5
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Finally, use the last data pair (4, 0) to solve for a3

a3 = −25

24

These two forms are identical because they both interpolate the same 4 pairs of

data with 3rd degree polynomials. Such interpolation is unique regardless of the

forms used.

4. Let f(x) = |x − 0.5|. Interpolate at xi = i/8 for 0 ≤ i ≤ 8. Then, evaluate the

resulting polynomial at xi+0.5 = (i+ 0.5)/8 for 0 ≤ i ≤ 7 and the associated erros.

Plot the errors against xi+0.5 (so you want to use plot(xdata,ydata) in Matlab)

and explain what you observe using the formula for error bound.

— Use either Newton or Lagrange form as you like.

— The following graph is a comparison of the exact f(x), the data points at {xi}
and the 8-th degree polynomial that interpolates between the data points. Use it

to check your graph of errors.

Solution. A sample code. We use the Lagrange form.

x=0:1/8:1; % create an array x=[0,1/8,2/8,...7/8,1]
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y=abs(x-0.5); % evaluate f(x) and store the values in y

xx=0.5/8:1/8:7.5/8; % create an array xx=[0.5/8,1.5/8,2.5/8,...7.5/8]

yy=abs(xx-0.5); % evaluate f(xx) and store the values in yy

zz=zeros(1,8);

for i=1:8 % evaluate the interpolating polynomial at xx(i)

% and store the value in zz(i)

zz(i)=0;

for j=1:9

L=1;

for k=1:9 % evaluate the Lagrange basis function l_j at xx(i)

% and store the value in L

if (k~=j)

L=L*(xx(i)-x(k))/(x(j)-x(k));

end

end

zz(i)=zz(i)+y(j)*L;

end

end

plot(xx, yy-zz);

We learned the error formula

e(x) =
f (n+1)(ξ)

(n+ 1)!

n∏
i=0

(x− xi) (1)

for some ξ. So the error bound depends on the bound of f (n+1)(ξ) where n is the

degree of the interpolation polynomial. For this case at hand, f(x) = |x− 0.5|, so

its first derivative is

f ′(x) =

−1, x ∈ [0, 0.5)

1, x ∈ (0.5, 1]

There is a jump at x = 0 for f ′(x) and thus f ′′(0) =∞. The unboundedness of f ′′

surely leads to the unboundedness of any higher derivatives. So, |f (8+1)(ξ)| does

not have a finite upper bound and thus the error formula (1) does not have a finite

bound for e(x). In fact, the polynomial interpolation tends to become unstable and

inaccurate. This is why spurious oscillations are present in the graph above. If the

degree n is increased, more severe oscillations can be seen.
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