
Math 425 Numerical Analysis

Homework 1. Due: 02/08/2011

Computational problems are marked with ∗.
Total points 100’=25’×4.

1. The centered difference for approximating 1st derivatives of f(x) is

f ′(x) ≈ Dh
0f(x) :=

f(x + h)− f(x− h)

2h
.

(a) If one uses D0f(x) to approximate f ′(x), the expression for absolute error is

Eabs = Dh
0f(x)− f ′(x) =

f(x + h)− f(x− h)

2h
− f ′(x).

(Note: if you have learned forward and backward errors, we only discuss forward

error in this HW.)

What is the expression for relative error Erel?

(b*) Let f(x) = e3x and use Dh
0f(x) to approximate f ′(x) = 3e3x. Fix h = 0.001.

Create a table with 3 columns x, Eabs, Erel. Fill in the table for x = 0.5, 1, 1.5, 2.

Include your code.

(c) In your results for (b), which error grows as x increases and which one doesn’t

grow as much? Why?

(d) We know the following Taylor series

f(x + h) = f(x) + f ′(x)h + f ′′(x)h2/ + f ′′′(x)h3/6 + ...

f(x + h) = f(x)− f ′(x)h + f ′′(x)h2/− f ′′′(x)h3/6 + ...

Plug them into the expressions in (a) for both absolute and relative errors. Af-

ter simplification, you should see the difference between these two errors that are

observed in (c). Here, leave ... as is; we will learn to deal with it later.

2. Suppose we want to interpolation a two-variable function f(x, y) using a quadratic

polynomial

z = p(x, y) = a0 + a1x + a2y + a3x
2 + a4y

2 + a5xy.

Also suppose we have 6 data points (xi, yi, zi) for i = 0, 1, 2, ...5. Write down

the linear system used for finding a0, a1, ..., a5. Explain what condition has be
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imposed to guarantee the unique existence of such interpolation. (Hint: a linear

system admits a unique solution if the coeffiencent matrix is invertible, that is, its

determinant is nonzero).

3. Find the 3rd degree polynomial interpolation p(x) by hand to fit data set

(0,−1), (2, 2), (1,−2), (4, 0)

Use both the Lagrange form and the Newton form. Then, show that these two

forms are essentially the same.

4. Let f(x) = |x − 0.5|. Interpolate at xi = i/8 for 0 ≤ i ≤ 8. Then, evaluate the

resulting polynomial at xi+0.5 = (i + 0.5)/8 for 0 ≤ i ≤ 7 and the associated erros.

Plot the errors against xi+0.5 (so you want to use plot(xdata,ydata) in Matlab)

and explain what you observe using the formula for error bound.

— Use either Newton or Lagrange form as you like.

— The following graph is a comparison of the exact f(x), the data points at {xi}
and the 8-th degree polynomial that interpolates between the data points. Use it

to check your graph of errors.
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