Calculus (Spring) Sheet 1 solutions

1. (a) Characteristic equation is m? — 2m + 17 = 0 with roots m = 1 4 4i. So the
solution is
y = e"(Acos4xr + Bsin4dx)

(b) Characteristic equation is m? +4m + 3 = 0, i.e. (m + 3)(m + 1) = 0 so that
m = —3 or —1. So the solution is

y=Ae " + Be™®

(c) Characteristic equation is m? + 2m = 0 with roots 0 and —2, giving the general
solution to be
y=A+ Be

Now y(0) = 3 so that 3 = A+ B. Also y/(0) = —2 so that —2 = —2B. Therefore
B =1 and A =2 and the final solution is

y:2—i—6_2m

2. (a) For the corresponding homogeneous problem the characteristic equation is
m? —6m +9 =0, i.e. (m—3)? =0 so that there is one repeated root m = 3. The
complementary solution y. is therefore given by

Y. = (Ax + B)e*”

For a particular solution y,, try y, = ax+0b. Substituting into the original differential
equation gives
—6a +9(ax +b) ==z

Comparing coefficients of x gives a = é, and comparing terms independent of x then
gives b = % So the particular solution is y, = éx + 2% The general solution of the
differential equation is y = y. + y, giving

1 2
y:(Ax+B)e3x+§x+?7

(b) Characteristic equation of the homogeneous problem is m? — 4m + 8 = 0 so that
m = 2 £ 2¢ giving the complementary solution y. to be

Yy, = e**(Acos 2z + Bsin 2x)

For the particular solution, try y, = Ae®®. Substituting this trial solution into the
original differential equation gives

254%™ — 20Ae® 4 8Ae® =

so that 134 = 1 giving A = 1—13 Hence the particular solution is y, = %651’ and the
general solution y is given by y = y. + v, i.e.

1
y = e**(Acos 2x + Bsin2x) + 1—3@5“



(c) Characteristic equation of the homogeneous problem is m? + 2m + 2 = 0 with
roots m = —1 % ¢, so that the complementary solution is

Yo =€ “(Acosz + Bsinx)

For a particular solution, try y, = Ccos3z + Dsin3xz. Substituting this into the
original differential equation gives

—9C cos 3z — 9D sin 3z + 2(—3C'sin 3z + 3D cos 3x) + 2(C cos 3z 4+ D sin 3z) = sin 3z

Comparing cos 3z terms gives

—7C+6D =0
and comparing sin 3z terms gives

—7D —6C =1

. . . . 7 _ 6 .
The above simultaneous equations give D = —c= and C' = —¢, so the particular
solution is
= —E cos 3r — — sin 3x
=785 85

The general solution y is therefore
(A + Bsinz) 0 3 in3
=e cos sinz) — — cos3x — — sin 3x
Y 85 85

(d) Characteristic equation of the homogeneous problem is m? + 6m + 8 = 0, i.e.
(m+4)(m+ 2) = 0 with roots —4 and —2 so that the complementary solution is

Y. = Ae ™ + Be "

The right hand side of the differential equation is 3e~2*. The complementary solution
has an e™?” term so the trial particular solution has to be y, = Cze™® (rather than
Ce~2%). Differentiating this trial solution gives

Yy, = —2Cze > 4 Ce™®
yg = 4Cze 2 —2Ce ™2 —2Ce ™ = 4Cxe™2* — 40

Substituting into the original differential equation gives
4C0ze™* —4Ce™* 4 6(—2Cwe " + Ce ") + 8Cwe 2 = 3™ **

so that 2C = 3 giving C = % Hence the particular solution is y, = %xe‘h and the
general solution y = y. + y, is given by

3
y= Ae ™ 4+ Be ¥ + ixe_h"

Now y(0) = 1 so that
1=A+B



Also 3/(0) = —3 so that

—3=—-4A—-2B+ ;)
Hence A = % and B = —i. So the final solution is
5 1 3
y = 16741 o 16721 4 5.1’6721

3. Characteristic equation of homogeneous problem is

1
Lm?>+Rm+ — =0
m- + m—l—C
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with roots

The complementary solution is therefore

t t
_ _—t/CR .
=e Acos—i—Bsm)
e ( CR CR
For the particular solution, the right hand side of the differential equation is constant
so we try another constant, ¢, = D with D to be found. Substituting into the

differential equation gives
1
—D=F
C

so that D = C'E and therefore ¢, = C'E. The general solution is ¢ = ¢, + ¢, i.e.

t t
_ _—t/CR :
q=-¢e (ACOSO +Bsm0 )—l—C’E



