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ABSTRACT
Block sparsity was employed recently in vector/matrix based
sparse representations to improve their performance in signal
classification. It is known that tensor based representation has
potential advantages over vector/matrix based representation
in retaining the spatial distributions within the data. In this
paper, we extend the concept of block sparsity for tensor representation, and develop a new algorithm for obtaining sparse
tensor representations with block structure. We show how
the proposed algorithm can be used for signal classification.
Experiments on face recognition are provided to demonstrate
the performance of the proposed algorithm, as compared with
several sparse representation based classification algorithms.
Index Terms— Tensor Factorization, Block Sparse Representations, Classification, Dictionary Learning
1. INTRODUCTION
Sparse representation has been used recently in a number
of signal processing problems such as source separation [1],
computer vision [2], image denoising [3], and signal classification [4]. In classification applications, a class-specific
dictionary is typically used to represent the signals from one
class with a smaller reconstruction error than the representation for those from other classes. Recently, it was shown
that the performance of sparse representation based classification algorithms can be improved by exploiting block
sparsity [5], in which the signal is represented sparsely in
terms of dictionary blocks rather than the individual atoms.
For vectors/matrices data, the block sparsity is utilised by
generalizing the non-block sparse representation algorithms
such as basis pursuit (BP) [6] and matching pursuit (MP) [7]
for block structures. Such extensions have given rise to block
matching pursuit (BMP) and block orthogonal matching pursuit (BOMP) [8] algorithms.
The work in [9] shows that, for a dictionary with block
structure, representating a test signal in terms of the minimum number of blocks of a dictionary would be a better criterion for classification, as opposed to representing it with the
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smallest number of atoms. The exploitation of block structure
in an underlying dictionary is due to the fact that the training
signals of one class often share a common feature that is different from the training examples of another class. Hence a
block sparse representation of a test signal is potentially more
discriminative as compared to the conventional sparse representation.
In this paper, we extend the concept of block sparsity
for high-dimensional tensors and propose a new algorithm
for block sparse tensor representation. It has been shown in
[10] that tensor based representation has advantages over vector/matrix based representations in retaining the spatial distribution of the data such as the coherence information. Therefore, we propose to introduce the block dictionary structure
to tensor representation (based on the well-known TUCKER
model) that promotes block sparsity in the coefficients of a
tensor. The block structure is useful for building class boundaries in the feature space and helps in improving the classification performance.
We study the performance of this approach within the context of face recognition where the patterns in the images are
likely to possess block structure. The remainder of the paper is organised as follows: Section 2 describes classification
based on block sparse structure in matrices and Section 3 introduces the concept of block structure in tensors. Section
4 describes our proposed approach. Section 5 discusses the
experiments and results while Section 6 concludes the paper.
2. MATRIX BASED BLOCK DICTIONARY AND
BLOCK SPARSITY FOR CLASSIFICATION
A class-specific block of a dictionary represents the distribution of variation of the data in that class. For example, in
face recognition, the training data of a class may represent
not only the facial features but also the facial emotions as
well as the lighting conditions. Hence representing the dictionary with block structure has the potential to capture those
variations within data. Unlike the classification method in
[2] based on conventional sparse representation, the classification with block structure can be achieved by block based
sparse representation, where the concept of sparsity in conventional method can be extended naturally to block sparsity.

In this scenario, an intuitive way to exploit the discriminative
distribution of the data in block dictionary in terms of sparsity
is the block sparsity. For a dictionary A = [A[1], . . . , A[𝐶]]
with blocks A[𝑖], where 𝑖 = 1, . . . , 𝐶, the block sparsity is
formulated in terms of mixed ℓ𝑞 /ℓ1 norm as
min

𝐶
∑

∥ x[𝑖] ∥𝑞 𝑠.𝑡. y = Ax

(1)

Similar to the vector/matrix case, these 𝑛-mode block dictionaries can be used to represent the input tensor in terms of
the block sparse core tensor. Two approaches can be used to
find the block sparse core tensor, i.e. the ℓ𝑞 /ℓ1 optimization
for 𝑞 ≥ 1 and greedy algorithms, respectively.
Using optimization techniques, the core tensor with block
sparsity can be found by

𝑖=1

where x[𝑖] is the 𝑖-th block in the sparse coefficient vector x
corresponding to the dictionary block A[𝑖]. Since each dictionary block corresponds to a specific class, 𝑖 also represents
the class index ranging from 1 to 𝐶. This is a convex optimization problem when 𝑞 ≥ 1 [5].
Another alternative to exploit sparsity is to minimize the
number of reconstructed vectors A[𝑖]x[𝑖], as follows [5]:
min

𝐶
∑

∥ A[𝑖]x[𝑖] ∥𝑞 𝑠.𝑡. y = Ax

min

𝐶
∑

∥ X[𝑖] ∥𝑞

(7)

𝑖=1
𝑖

𝑖

𝑖

Here X[𝑖] ∈ ℝ𝑀1 ×𝑀2 ×⋅⋅⋅×𝑀𝑁 is the 𝑖-th sub-tensor in the
core tensor X ∈ ℝ𝑀1 ×𝑀2 ×⋅⋅⋅×𝑀𝑁 representing a non-zero
core tensor block corresponding to the 𝑖-th 𝑛-mode block
A(𝑛) [𝑖] of the dictionary A(𝑛) . Figure 1 shows the block

(2)

𝑖=1

The class label of the test signal can be determined by finding
the block of x that has the maximum ℓ2 norm. i.e.
𝑙𝑎𝑏𝑒𝑙(y) = arg max ∥ x[𝑖] ∥2
𝑖

(3)

A better alternative for classification is based upon blocksparse reconstruction error [5]. In this case, the label of a
test signal y is determined by
𝑙𝑎𝑏𝑒𝑙(y) = arg min ∥ y − A[𝑖]x[𝑖] ∥2
𝑖

(4)

This is the method taken in our work for assigning a class to
a test signal.
3. BLOCK DICTIONARY AND SPARSITY FOR
TENSORS
This very concept of block dictionary and block sparsity for
vectors/matrices can be extended for high dimensional data,
e.g. tensors. A 𝑁 -dimensional tensor Y ∈ ℝ𝐼1 ×𝐼2 ⋅⋅⋅×𝐼𝑁 can
be represented by the TUCKER model in terms of its dictionaries and the core tensor (coefficients) as:
Y = X ×1 A(1) ×2 A(2) ⋅ ⋅ ⋅ ×𝑁 A(𝑁 )

(5)

where A(𝑛) ∈ ℝ𝐼𝑛 ×𝑀𝑛 , 𝑛 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 are the 𝑛-mode dictionary matrices, X ∈ ℝ𝑀1 ×⋅⋅⋅×𝑀𝑁 is the core tensor and ×𝑛
is the 𝑛−mode multiplication between a tensor and a matrix.
The block structure of an 𝑛-mode dictionary can be defined as:
A(𝑛) = [A(𝑛) [1], A(𝑛) [2], ⋅ ⋅ ⋅ , A(𝑛) [𝐶]]
𝑖

(6)

where each A(𝑛) [𝑖] ∈ 𝑅𝐼𝑛 ×𝑀𝑛 is the 𝑖-th block within A(𝑛)
representing the subspace of class 𝑖 = 1, . . . , 𝐶, 𝑀𝑛𝑖 is the
size of the block for class 𝑖 and 𝑛 is the mode of the tensor.

Fig. 1. Block sparse structure of a third-order core tensor X .
sparse structure of a third-order core tensor X in which subtensors X[𝑖]’s inside the core tensor represent the clusters of
non-zeros elements. In case of our 𝑛-mode block dictionaries
in which each 𝑖-th block also represents the 𝑖-th class, the solution to (7) gives the minimum numbers of non-zero blocks
that lie on the diagonal of the core tensor X. These 𝑛-mode
block dictionaries along with the block sparse core tensor add
discriminatory signatures to the core tensor that can be used
for classification.
A test signal Y𝑡𝑒𝑠𝑡 can be assigned to a class by first finding its block sparse representation in terms of the 𝑛-mode
block dictionaries. A class label is then assigned to the tensor
signal as:
𝑙𝑎𝑏𝑒𝑙(Y𝑡𝑒𝑠𝑡 ) = arg min ∥ Y𝑡𝑒𝑠𝑡 − X[𝑖] ×1 A(1) [𝑖]
𝑖

(8)

×2 A(2) [𝑖] ⋅ ⋅ ⋅ ×𝑁 A(𝑁 ) [𝑖] ∥𝐹
where 𝑖 is the index of the core tensor block and its corresponding dictionary block that give the minimum reconstruction error.
In this paper, we devise a method for calculating block
sparse representation for tensors provided that the underlying 𝑛-mode dictionaries are given. We use the 𝑛-mode block

dictionaries to find the subspace of each class. Those block
dictionaries are then used to find the block sparse representation of each test signal. Then the signals are classified based
on equation (8).

residual (i.e. the reconstruction error). The index 𝑖 for the
most highly correlated block is found by:
𝑇

𝑇

𝑖𝑡 = arg max ∥ R ×1 A(1) [𝑖] ×2 ⋅ ⋅ ⋅ ×𝑁 A(𝑁 ) [𝑖] ∥ (11)
𝑖

4. METHODOLOGY
Our tensor-based classification method has two main components: (a) 𝑛-mode block dictionaries (b) block sparse core
tensor.
4.1. Block Dictionaries
We build up an 𝑛-mode block dictionary A(𝑛) comprising of
the 𝑛-mode blocks of atoms of all the classes representing
their respective subspaces. Hence an 𝑛-mode block dictionary is represented as in (6). Each individual block A(𝑛) [𝑖]
inside A(𝑛) is obtained by finding the 𝑀𝑛𝑖 leading left singular vectors of the 𝑛-mode unfolded input tensor Y𝑖(𝑛) of class
𝑖. i.e.
(9)
A(𝑛) [𝑖] = 𝑆𝑉 𝐷(Y𝑖(𝑛) , 𝑀𝑛𝑖 )
where 𝑖 = 1, 2, . . . , 𝐶 is the block as well as the class index
of a signal.
4.2. Block Sparse Core Tensor
The second part of our methodology is to obtain block sparse
core tensor where clusters of non-zero values are located in
the sub-tensors that constitute the blocks inside the core tensor. Hence we define block sparse representation in terms of
the block dictionaries as follows.
Definition 1 (Tensor Block Sparsity):
A multidimensional signal Y ∈ 𝑅𝐼1 ×𝐼2 ...×𝐼𝑁 is 𝑘-block
sparse with respect to the 𝑛-mode dictionaries A(𝑛) ∈
ℝ𝐼𝑛 ×𝑀𝑛 , if it admits a TUCKER representation as given
in equation (5) based only on the blocks of each dictio𝑖
nary A(𝑛) [𝑖] ∈ ℝ𝐼𝑛 ×𝑀𝑛 that generates a block sparse
core tensor defined as X = [ X[1] . . . X[𝑖] . . . X[𝑘] ] ∈
ℝ𝑀1 ×𝑀2 ×⋅⋅⋅×𝑀𝑁 in such a way that
(
)
𝑖
∕= 0
(10)
X[𝑖] = X 𝑀1𝑖 , 𝑀2𝑖 , . . . , 𝑀𝑁
𝑖
𝑀1𝑖 ×𝑀2𝑖 ×...×𝑀𝑁

for 𝑘 ≤ 𝐶, where X[𝑖] ∈ ℝ
. The sparsity of
each block is further defined by 𝑠𝑖 = 𝑠𝑖1 × 𝑠𝑖2 × ⋅ ⋅ ⋅ × 𝑠𝑖𝑁
where 𝑠𝑖𝑛 is the 𝑛-mode sparsity of the 𝑖-th block.
■
To find the block sparse core tensor, we generalize vectors/matrices based OMP to block tensor OMP (BT-OMP). In
this algorithm, the core tensor X is determined with a block
sparse structure, similar to the one shown in Figure 1.
The algorithm starts by first finding the block in the 𝑛mode dictionaries which is maximally correlated with the
residual R initialized as the input tensor Y. This is achieved
by locating the block that has the highest correlation with the

where 𝑖𝑡 is the index of the block at iteration 𝑡 containing an
atom which has maximum correlation with the input signal.
From the chosen block of the dictionary, the atoms which
are maximally correlated with the residual tensor are chosen
by:
[𝑚𝑡1 , . . . , 𝑚𝑡𝑁 ] = arg

max

𝑚1 ,...,𝑚𝑁

𝑇

∥ R ×1 A(1) [𝑖𝑡 ](:, 𝑚1 ) (12)
𝑇

×2 ⋅ ⋅ ⋅ ×𝑁 A(𝑁 ) [𝑖𝑡 ](:, 𝑚𝑁 ) ∥
where 𝑚𝑛 is the index of the atom in the 𝑖-th block of the
𝑛-mode dictionary. This helps to select those atoms which
generate the sub-tensors while calculating the core tensor.
After 𝑡 iterations, the selected indices of blocks and the
atoms therein are combined to make the 𝑛-mode dictionary
𝑖
blocks B(𝑛) [𝑖𝑡 ] ∈ ℝ𝐼𝑛 ×ℳ𝑛 , as follows:
B(𝑛) [𝑖𝑡 ] = A(𝑛) [𝑖𝑡 ](:, ℳ𝑖𝑛 )

(13)

where ℳ𝑖𝑛 = ℳ𝑖𝑛 ∪ [𝑚𝑡𝑛 ] is the set of indices of atoms belonging to the 𝑖-th block at iteration 𝑡.
These 𝑛-mode dictionary blocks with a reduced number
of atoms are then used to find the core tensor. In vector form,
the formulation of the problem for the calculation of the core
tensor E can be represented as:
e = arg min ∣∣(B(𝑁 ) [𝑖𝑡 ] ⊗ ⋅ ⋅ ⋅ ⊗ B(1) [𝑖𝑡 ])u − y∣∣22
u

(14)

∏𝑁
where y ∈ ℝ𝐼 (𝐼 = 𝑛=1 𝐼𝑛 ) is the vectorized form of the
∏𝑁
input tensor Y, , e ∈ ℝ𝑚 (𝑚 = 𝑛=1 ℳ𝑖𝑛 ) is the vectorized
form of E and B(𝑛) [𝑖𝑡 ] is defined in equation (13).
Once e is found according to (14), its tensorised form E is
then used to update the residual, as follows:
R = Y − E[𝑖𝑡 ] ×1 B(1) [𝑖𝑡 ] ×2 ⋅ ⋅ ⋅ ×𝑁 B(𝑁 ) [𝑖𝑡 ]

(15)

For the given 𝑛-mode dictionaries, the core tensor is
calculated with block sparsity until the stopping criterion is
reached.
The problem of (14) can be addressed in two different ways, namely, the least squares method and an iterative
method. The least squares solution is derived based on the
vector form, where the signal in terms of dictionary blocks
can be approximated by:
ŷ = (B(𝑁 ) [𝑖𝑡 ] ⊗ ⋅ ⋅ ⋅ ⊗ B(1) [𝑖𝑡 ])e,

(16)

Denote B = B(𝑁 ) [𝑖𝑡 ]⊗⋅ ⋅ ⋅⊗ B(1) [𝑖𝑡 ], then (16) can be written
as:
ŷ = B e
(17)

therefore, we have
e = [B𝑇 B]−1 By

(18)

Alternatively, we can use an iterative method to find the core
tensor, as follows. We notice from (18) that [B𝑇 B]e = By,
which can be represented in tensor form as
E ×1 B(1)𝑇 B(1) ×2 ⋅ ⋅ ⋅ ×𝑁 B(𝑁 )𝑇 B(𝑁 ) = Y ×1 B(1) (19)
×2 ⋅ ⋅ ⋅ ×𝑁 B(𝑁 )

B

B

(1)

E(1) (B

(𝑁 )𝑇

B

B

(𝑁 )

(1)

⊗ ⋅⋅⋅ ⊗ B

Y(1) (B

(𝑁 )

(2)𝑇

B

(2)

⊗ ⋅⋅⋅ ⊗ B

)=

(20)

(2) 𝑇

)

Let us define P(1) = E ×1 I ×2 ⋅ ⋅ ⋅ ×𝑁 B(𝑁 )𝑇 B(𝑁 ) and Q =
Y ×1 B(1) ×2 ⋅ ⋅ ⋅ ×𝑁 B(𝑁 ) , then we can write (20) as:
(1)

B(1)𝑇 B(1) P(1) = Q(1)

(21)

(1)

where P(1) and Q(1) are the mode-1 unfolded forms of P(1)
and Q, respectively. This can be solved by
(1)

P(1) = [B(1)𝑇 B(1) ]† Q(1)

(22)
(1)

where † is the pseudo-inverse. Now the solution of P(1) can
be used to write its mode-2 unfolded form as:
(1)

P(2) = B(2)𝑇 B(2) E(2) (B(𝑁 )𝑇 B(𝑁 ) ⊗ ⋅ ⋅ ⋅

(23)

⊗B(3)𝑇 B(3) ⊗ I)
and
(1)

(2)

P(2) = B(2)𝑇 B(2) P(2)

1. Find block index 𝑖𝑡 from (11).
2. Select indices of atoms in the 𝑛-mode dictionary
blocks 𝑖𝑡 using (12).

In unfolded matrix form, (19) is written as
(1)𝑇

coefficients 𝑡𝑚𝑎𝑥 ≤ 𝑠𝑖 in a block X[𝑖], and the tolerance 𝜖.
Output: X = E and {𝑏𝑖 ∣ 𝑖 ∈ {1, . . . , 𝐶}} where 𝑏𝑖 is the
index of the 𝑖-th element in set 𝑏.
Initialization:
𝑏 = [∅], ℳ𝑖𝑛 = [∅], R = Y, X = 0, 𝑡 = 1;
while (∣𝑏∣ < 𝐶 and ∣∣R∣∣𝐹 > 𝜖) do

(24)

where P(2) = E ×1 I ×2 I × ⋅ ⋅ ⋅ ×𝑁 B(𝑁 )𝑇 B(𝑁 ) and again
(2)
P(2) is the mode-2 unfolded form of P(2) which can be solved
(1)

by multiplying the pseudo-inverse of B(2)𝑇 B(2) with P(2) as
(1)

done for the solution of P(1) in equation (22). In this way, by
repeating this procedure 𝑁 times, we finally find E.
The overall algorithm for BT-OMP is given in Algorithm
1.
Algorithm 1: BT-OMP
Task: Find block sparse representation
Y = X ×1 A(1) ×2 A(2) ⋅ ⋅ ⋅ ×𝑁 A(𝑁 ) with
X = [ X[1]
( X[2] . . . X[𝐶]
) ] and
𝑖
such that 𝑥𝑚1 ...𝑚𝑁 =
X[𝑖] = X 𝑀1𝑖 , 𝑀2𝑖 , . . . , 𝑀𝑁
𝑖
/ 𝑀1𝑖 × . . . × 𝑀𝑁
, 𝑖 = 1, . . . , 𝐶.
0 ∀ (𝑚1 , . . . , 𝑚𝑁 ) ∈
X = E.
Require: n-mode dictionaries A(𝑛) ∈ 𝑅𝐼𝑛 ×𝑀𝑛 , for
𝑖
𝑛 = 1, . . . , 𝑁 , having dictionary blocks A(𝑛) [𝑖] ∈ 𝑅𝐼𝑛 ×𝑀𝑛 ,
input signal Y, the maximum number of non-zero

3. 𝑏 = 𝑏 ∪ 𝑖𝑡 , ℳ𝑖𝑛 = ℳ𝑖𝑛 ∪ [𝑚𝑡𝑛 ], B(𝑛) [𝑖𝑡 ] =
A(𝑛) [𝑖𝑡 ](:, ℳ𝑖𝑛 ), for all 𝑛 = 1, . . . , 𝑁 ;
4. e = arg minu ∣∣(B(𝑁 ) [𝑖𝑡 ] ⊗ ⋅ ⋅ ⋅ ⊗ B(1) [𝑖𝑡 ])u − y∣∣22 ,
and tensorise e to E[𝑖𝑡 ] ;
5. R = Y − E[𝑖𝑡 ] ×1 B(1) [𝑖𝑡 ] ×2 ⋅ ⋅ ⋅ ×𝑁 B(𝑁 ) [𝑖𝑡 ];
6. 𝑡 = 𝑡 + 1;
end while
return 𝑏, E;
5. EXPERIMENTAL RESULTS
In this section, we evaluate the performance of our proposed
algorithm for face recognition, and compare it with other
state-of-the-art sparse dictionary learning based classification
methods, such as Block Sparse Representation Classification
[5] (B-SRC), Sparse Representation Classification (SRC)
[2] and the Nearest Subspace (NS) [11], which are all vector/matrix based methods.
In B-SRC, each test signal is represented in terms of
sparse blocks as given in (1) and (2) respectively, with an
underlying block dictionary. We denote the B-SRC classification result based upon (1) by 𝑃ℓ2 /ℓ1 and the one on (2) by
𝑃ℓ′1 /ℓ1 . A label is assigned to the test signal based upon (4).
For 𝑞 = 1, equation (1) represents the SRC method where
the signal representation as well as the classification is based
upon sparse representation in terms of atoms, hence it is denoted by 𝑃ℓ1 /ℓ1 . In the NS method, the classification method
looks for a subject whose underlying subspace is closest to
the given test signal.
In the evaluations, we use the Extended Yale B database
[12], which consists of 2414 frontal face images of 𝐶 = 38
subjects. For each subject, there are approximately 64 images
of size 192 × 168. These images are captured under various
laboratory controlled lighting conditions.
For this database, we first find the 𝑛-mode block dictionaries wherein each block represents the subspace of each
class. For 𝐶 = 38 subjects, we have 38 blocks of dictionary. For this purpose, the database images are first downsampled from 192 × 168 to 96 × 84. The down-sampled images are then stacked together to make a 3-D input tensor of

size 96 × 84 × 𝐼3 , where 𝐼3 ∈ [9, 18, 25, 32], depending
upon a varying number of training signals to train the dictionary. The size of each dictionary block is 𝐼𝑛 ×𝑀𝑛𝑖 = 𝐼𝑛 ×32,
i.e., for each mode, we select only 32 left leading eigenvectors of the 𝑛-mode unfolded input tensor. The core tensor to
be calculated is of size 𝑀𝑛 = 𝐼𝑛 with 𝑀𝑛𝑖 = 32 and the fixed
mode block sparsity, 𝜇[𝑖] = 𝑠𝑛 [𝑖]/𝑀𝑛𝑖 is set to 0.62.
With these settings, we run our proposed algorithm for a
different number of training signals for each class, i.e. [9, 18,
25, 32] in such a way that the training and testing data of each
class do not overlap. We also run the experiment for other
algorithms with the same amount of training data. For all
other vector/matrix based algorithms, the down-sampled images are first converted to vectors. Those image-vectors are
projected to the first 132 principal components of the training
data covariance matrix. The choice of 132 is made by following the strategy of the base-line method [5] that gives the best
classification result. For chosen training samples with rest of
the dataset signals used as testing samples, we run 10 trials
of our experiment for all the methods and the classification
results are shown in Figure 2.
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