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Abstract—Acoustic source tracking in a room environment
based on a number of distributed microphone pairs has been
widely studied in the past. Based on the received microphone
pair signals, the time-delay of arrival (TDOA) measurement is
easily accessible. Bayesian tracking approaches such as extended
Kalman filter (EKF) and particle filtering (PF) are subsequently
applied to estimate the source position. In this paper, the
Bayesian performance bound, namely posterior Cramér-Rao
bound (PCRB) is derived for such a tracking scheme. Since
the position estimation is indirectly related to the received
signal, a two-stage approach is developed to formulate the
Fisher information matrix (FIM). First, the Cramér-Rao bound
(CRB) of the TDOA measurement in the noisy and reverberant
environment is calculated. The CRB is then regarded as the
variance of the TDOAs in the measurement function to obtain
the PCRB. Also, two different TDOA measurement models are
considered: 1) single TDOA corresponding to the largest peak
of the generalized cross-correlation (GCC) function; and 2)
multiple TDOAs from several peaks in GCC function. The later
measurement model implies a higher probability of detection and
heavier false alarms. The PCRB for both measurement models
are derived. Simulations under different noisy and reverberant
environments are organized to validate the proposed PCRB.

I. I NTRODUCTION
Estimating the position of an acoustic source in a room
environment plays an important role in many speech and
audio applications such as speaker diarization, hearing aids,
hands-free distant speech recognition and communication, and
teleconferencing systems [1]–[4]. Once the position of the
source is known, it can be fed into a higher processing stage
for speech acquisition of a focussed region, enhancement
of a specific speech signal in the presence of competing
talkers, or keeping a camera focused on the talker in a videoconferencing scenario. However, it is a challenge to provide an
accurate position estimation since the received audio signal can
be significantly distorted and its statistical properties can be
drastically changed due to room reverberations. The difficulties
also arise from the uncertainty in the source motion and the
non-stationary characteristics of the speech signal.
To perform the position estimation, a number of distributed
microphone pairs/arrays are usually deployed in the room
environment. The time-delay of arrival (TDOA) is usually
employed as the measurement due to its accessibility and

robustness under noisy and reverberant conditions [3], [5]–
[11]. The TDOA measurement is extracted from the microphone pair signals by using, for example, generalized crosscorrelation (GCC) method [17]. Since each TDOA yields a
half hyperboloid of two sheets, the TDOA measurements from
distributed microphone pairs/arrays can be used to triangulate a target position. Such a triangulation is traditionally
approximated by using a localization approach such as linear
intersection (LI) algorithm [5]. For source that is dynamic, a
state space model can be used to model the trajectory of the
moving source and the uncertainties in the TDOA measurements. Correspondingly, different Bayesian approaches such
as extended Kalamn filter (EKF) [7], [9] and particle filtering
(PF) [8], [12], [13] have been developed to track the source. In
the EKF implementation, the measurement at each microphone
pair consists of a single TDOA which maximizes the GCC
function, and its performance can be seriously degraded due
to inaccurate TDOA estimation. The PF approach incorporates
multiple peaks of the GCC function to increase the probability
of detection. A bi-hypothesis model is defined for each TDOA
to evaluate its likelihood of being a false alarm or a real
detection. Generally, the PF approach is more robust than the
LI and EKF approaches in adverse environments [16].
In a room environment, the received signal to reverberation
ratio (SRR) is quadratically proportional to the inverse of the
distance between the source and the microphone [14]. This
results in an inhomogenous signal quality at different microphone receiver and hence the TDOA estimation are affected
differently. When the source is close to the microphone pair,
better TDOA measurement can be expected, and vice versa.
Hence, the microphone deployment has a significant impact
on the performance of tracking algorithms. In this paper, we
attempt to derive a lower bound to characterize the potential
tracking performance in the room environment. The posterior
Cramér-Rao bound (PCRB) [15] that is developed for nonlinear state space model and dynamic source tracking problem
is introduced. Since the received signal is indirectly related
to the source position, a two-stage scheme is developed to
formulate the Fisher information matrix (FIM) [15]. First, the
traditional Cramér-Rao bound (CRB) of the TDOA estimation

is obtained according to the derivations in [14]. The CRB
is then regarded as a variance of the TDOA measurement
in the measurement function. The PCRB is derived based
on the spatial information (from the source dynamic model)
and the temporal information (from the measurement model).
For each microphone pair, two different TDOA measurement
models are also considered: i) single TDOA corresponding
to the largest peak of the GCC function; and ii) multiple
TDOAs from several peaks in the GCC function. The former
is overly optimistic since it assumes perfect TDOA detection,
i.e., the probability of detection equals one. Multiple TDOA
measurement model takes into account miss detection and
false alarms. It is observed from our simulations that the
PCRB based on the multiple TDOA measurement model is
more practical and achievable. The developed PCRB has a
broad range of applications including microphone selection
and deployment in a room environment.
This work is the first attempt to derive the PCRB for the
TDOA measurement based acoustic source tracking in the
room environment. The rest of this paper is organized as
follows. In Section II, the signal model and GCC method based
TDOA estimation are introduced. Section III presents different
measurement models and the tracking algorithm developed
based on these models. The detailed derivation of the PCRB
is given in Section IV. Simulations are organized in Section
V and conclusions are drawn in Section VI.
II. S IGNAL MODEL AND TDOA MEASUREMENTS
This section provides the signal model of distributed microphone pairs in a room environment. The GCC method based
TDOA estimation is also addressed.
A. Microphone Signal Model
Assume that a distributed microphone system consisting
of L microphone pairs is deployed in a room environment.
Let p`,i ∈ R3 , i ∈ {1, 2} denote the position of the ith
microphone of the `th (` = 1, . . . , L) microphone pair. Also,
let xt ∈ R3 denote the position of the source signal at discrete
time t. The discrete time signal received from a single source
can be modeled as
y`,i (t) = s(t) ? h(p`,i , xt ) + n`,i (t),

(1)

where s(t) is the source signal, h(p`,i , xt ) is the overall
impulse response cascading the room and the microphone
channel response, n`,i (t) is an additive noise process assumed
to be uncorrelated with the source and independent between
different channels, and ? denotes convolution. To formulate
TDOA estimates, the impulse response can be rewritten in
terms of direct path and multipath components as
1
s(t − τ`,i (t)) + s(t) ? g(p`,i , xt ) + n`,i (t)
r`,i (t)
|
{z
}
1
=
s(t − τ`,i (t))
+
v`,i (t),
(2)
r`,i (t)

y`,i (t) =

where r`,i (t) = kxt − p`,i k is the Euclidean distance between
the source and the microphone, and τ`,i (t) = r`,i (t)/c is the

direct path time delay with c denoting the speed of sound,
and g(p`,i , xt ) is the reverberant part of the impulse response
which is defined as the original response minus the direct path
component. The new noise term v`,i (t) contains the additive
noise n`,i (t) and the reverberant signal s(t) ? g(p`,i , xt ). This
model is the free-field model in that it regards reverberation
as part of the noise.
Although speech signal is non-stationary and its statistics
change over time, it is usually assumed to be short-time quasistationary. Hence, the signal received at each microphone can
be processed in short frames. Let T0 and k denote the length
and the time index of the frame, respectively. The source signal
and the signal collected at the ith microphone of the `th pair
can then be written as s(k) and y`,i (k), given as
s(k) = [s(kT0 ), s(kT0 + 1), . . . , s((k + 1)T0 − 1)] , (3)
y`,i (k) = [y`,i (kT0 ), . . . , y`,i ((k + 1)T0 − 1)] .

(4)

Correspondingly, the additive noise is written as n`,i (k).
Further, it is assumed that in each frame the position of the
source is spatially stationary. The parameters characterizing
the source motion and the source signal are fixed in the kth
frame, e.g., the source position, xk , and the corresponding
room impulse response (RIR), h(p`,i , xk ).
The additive noise n`,i (k) is assumed to be zero-mean,
white, and Gaussian, i.e., n`,i (k) ∼ N (0, σ 2 ). The signal to
noise ratio (SNR) is thus defined as
SNR(k, ω) =

Pss (k, ω)
,
σ2

(5)

where Pss (k, ω) is the power spectrum of the source signal.
The reverberation time T60 is usually used to evaluate the
reverberation in the room environment. However, for tracking
problem, the source is dynamic and the distance between the
source and the microphones can change drastically. When the
source is closer to the microphones and the wall reflection
coefficient is smaller, the direct path component is relatively
stronger. The effect of distance and reflection coefficient can
be summarized by one parameter: the signal to reverberation
ratio (SRR). Given the reflection coefficient ρ and the distance
rk` between the source and the centroid of the `th microphone
pair, the SRR can be defined as [14]
SRR` (k, ω) =

A(1 − ρ2 )
,
16π(rk` )2 ρ2

(6)

where A is the whole wall reflection area. Detailed derivation
of equation (6) can be found in [16]. The expression (6)
indicates that the distortionness of the received signal is
determined by the room dimension, reflection coefficients
and the distance between the source and the microphones.
It shows that in the same room environment, SRR increases
quadratically with the decreasing of the distance between the
source and the sensor. Better position estimation performance
is thus likely to be obtained when the source is located at the
close-end of the microphones, and vice versa.

B. TDOA Measurements
Due to its popularity and simplicity in time-delay estimation, the phase transform based generalized cross-correlation
(PHAT-GCC) method is used in this paper to extract the TDOA
measurements. Given the speech frames y`,1 (k) and y`,2 (k)
collected at the `th microphone pair at the time step k, the
GCC function can be approximated as [17]:
Z
∗
R` (k, τ ) =
Φ` (k, ω)Y`,1 (k, ω)Y`,2
(k, ω)ejωτ dω, (7)
Ω

where y`,i (k)
Y`,i (k, ω) are discrete Fourier transform
∗
(DFT) pairs, and Φ` (k, ω) = |Y`,1 (k, ω)Y`,2
(k, ω)|−1 is the
PHAT weighting term, and Ω is the frequency range over
which the integration is carried out. The TDOA measurement
at the `th microphone pair can thus be estimated by exploring
the potential TDOA τ that maximizes the GCC function
τ̂k` = arg

max

τ ∈[−τmax ,τmax ]

R` (k, τ ),

(8)

where τmax = kp`,1 − p`,2 k/c is the possible maximum delay.
This TDOA measurement could, for example, be directly used
in (12) for 3-D position estimation.
Assume that: 1) the dimension of the room is large relative to the wavelength of s(t). This is satisfied since for
tracking problem, the frequency band of interest is usually
Ω = 2π × [300, 3500]Hz; and 2) the source and the microphones are located in the interior of the room, at least halfwavelength away from the walls, and microphone separation
d  min(r`,1 (t), r`,2 (t)) so that the two microphones receive
an equal amount of energy from the direct path. The CramérRao bound (CRB) σk` for the TDOA estimates is given as [14]
!−1
X η ` (k, ω)2
2
`
k
ω
,
(9)
σk = 2
1 + 2ηk` (k, ω) k
ω∈Ω
where ηk` is the signal to noise and reverberation ratio (SNRR)
defined as
Pss (k, ω) 4π(r1 ` )2
`
k
.
(10)
ηk (k, ω) =
4ρ2
2
Pss (k, ω) A(1−ρ
2) + σ
The detailed study of the CRB (9) under different noise and
reverberant environments is given in [14]. In this work, the
CRB (9) will be employed as a theoretical variance of the
estimated TDOA in the measurement function.
The actual TDOA of a microphone pair is expressed in terms
of the source and sensor geometry by
kxk − p`,1 k − kxk − p`,2 k
τk` (xk ) = τ`,1 (k) − τ`,2 (k) =
.
c
(11)
Given the TDOA estimates, τ̂k` , the maximum likelihood (ML)
criterion [3] for the location estimate is given by
x̂k = arg min
xk

L
X

2
τ̂k` − τk` (xk ) .

(12)

`=1

The evaluation of x̂k at each time step involves the optimization of a non-linear function and necessitates the use of
numerical search methods as no closed-form solution exists.

III. T RACKING ALGORITHM REVIEW
This section presents a brief review of the Bayesian tracking approaches for room acoustic source tracking. Different
measurement models are also introduced.
A. Bayesian Tracking Framework
To formulate a Bayesian framework, the source dynamic
model is defined first. In the x − y plan, the source dynamics
can be assumed to follow the Langevin motion model [8],
[12]. Since the height of a talker is often fixed during a
conversation, it is reasonable to use a random walk model to
describe the height uncertainties in z−direction. The complete
motion model in 3-D space can be addressed as
xk = Axk−1 + Qvk ,

(13)

where vk ∼ N (0, Σk ) is a zero-mean real Gaussian process
with variance Σk , and the state vector xk is extended by
appending a velocity component, i.e., xk = [xk yk ẋk ẏk zk ]T .
The coefficient matrices A and Q are given by




b∆T I2 0 0
I2 a∆T I2 0
bI2 0 , (14)
aI2
0 ; Q =  0
A = 0
0
0 1
0
0
1
where ∆T = T0 /fs is the time interval (in seconds) between
time step k and k −1, fs denoting the sampling frequency, and
IM is an M -order identity matrix. The parameters a and b are
the position and velocity variance constants
calculated accord√
ing to a = exp(−β∆T ) and b = v 1 − a2 , in which v and
β are the velocity parameter and the rate constant respectively.
Equation (13) is used to model the source dynamics in this
paper. The model parameters v = 1ms−1 and β = 10s−1 used
in [8], [12], [18] are found to be adequate for room acoustic
source tracking and are employed here.
Assume that the TDOA measurement set at the time step
k is Zk . The solution based on Bayesian recursive estimation
can be given as
• Predict:
Z
p(xk |Z1:k−1 ) = p(xk |xk−1 )p(xk−1 |Z1:k−1 )dxk−1 ;
(15)
•

Update:
p(xk |Z1:k ) ∝ p(Zk |xk )p(xk |Z1:k−1 ).

(16)

where p(xk |xk−1 ) is the transition probability density that can
be obtained according to (13), and p(Zk |xk ) is the likelihood.
There is no closed form solution to the recursion (15) and
(16) since the TDOA measurement function is nonlinear. The
extended Kalman filter (EKF) and PF approaches are widely
employed to approximate this recursion [8], [12], [19].
B. EKF Implementation
Assume that L TDOAs are extracted from the GCC functions. The measurement vector can be written as
zk = [τ̂k1 , τ̂k2 , . . . , τ̂kL ]T .

(17)

Note that here we only use the largest peak in the GCC
function at each microphone pair to obtain the TDOA measurement. Since the measurement function (11) is nonlinear, the
EKF can be employed to approximate the posterior distribution
[9]. The first-order Taylor expansion on τk` (xk ) from (11) is
T

τk` (xk ) = τk` (xk−1 ) + C`k [xk − xk−1 ] + n̄k ,

(18)

where n̄k = Ox (xk ) is the higher order error of the time
delay expansion, and C`k is the coefficient vector of Taylor
expansion


xk − p`,1
xk − p`,2
1
.
(19)
−
C`k =
c kxk − p`,1 k kxk − p`,2 k xk =xk−1
Define
τ̄k` = τ̂k` − τk` (x̂k−1 ) + C`k x̂k−1 ,

(20)

where τ̂k` is the TDOA measurement extracted from the largest
peak of the GCC function, τk` (x̂k−1 ) is calculated from (11).
The nonlinear measurement is thus approximated by
τ̄k`

≈

C`k xk

+ n̄k .

(21)

Hence, the modified measurement τ̄k` is a linear function of
the state xk and a standard KF can be applied.
Regarding (13) as the state dynamic process, the implementation of an EKF can be written as [20]
xk|k−1 = Ab
xk−1 ;
b k−1 AT + QΣk QT ;
Pk|k−1 = AP
T

(22a)
(22b)

Sk = Rk + CkPk|k−1 (Ck ) ;

(22c)

Kk = Pk|k−1 (Ck )T (Sk )−1 ;
ek = xk|k−1 + Kk (zk − τ k (xk|k−1 ));
x
e k = Pk|k−1 − Kk CkPk|k−1 .
P

(22d)
(22e)
(22f)

T
where Ck
=
[C1k , . . . , CL
and τ k (xk|k−1 )
=
k]
1
L
T
[τk (xk|k−1 ), . . . , τk (xk|k−1 )]
are obtained according to
(19) and (11) respectively. After the EKF steps, the posterior
e k)
ek , P
distribution is given by p(xk |xk−1 , Zk ) = N (xk ; x
e k are the estimated state vector and
ek and P
where x
the corresponding covariance matrix respectively. In next
section, a PF approach which does not need to use the
first-order approximation of the measurement function will
be introduced.

C. PF Tracking Algorithm
The PF approach employs a number of particles to approximate the posterior distribution. Assume that a set of
(i)
particles {xk−1 }N
i=1 , with corresponding importance weight
(i)
{wk−1 } are available to approximate the posterior distribution
of p(xk−1 |Z1:k−1 ) at time step k − 1. The particles are
drawn according to the source dynamic model (13) and their
importance to the estimation is evaluated by the likelihood.
The state transition density is given as
(i)

(i)

(i)

(i)

p(xk |xk−1 ) = N (xk | Axk−1 , QΣk QT ),

(23)

where A and Q are defined in (14). To increase the probability of detection, a number of GCC function peaks are
employed to obtain the TDOAs. Assume that n`k TDOA
measurements are available at the `th microphone pair, i.e.,
`
Zk` = {τ̂1,k
, . . . , τ̂n` ` ,k }. The complete measurement set can
k
be written as
Zk = {Zk1 , Zk2 , . . . , ZkL }.
(24)
For each TDOA measurement set Zk` collected from a distributed microphone pair, at most one TDOA is directly
generated by the source, and the other peaks are generated
n`k
by clutters. Following [12], a variable {λp,k }p=1
is defined
to indicate the association between each TDOA measurement
and its source. Two categories of hypotheses can thus be summarized for all the measurements obtained from a microphone
pair
`
H0,k
, {λq,k = 0; q = 1, . . . , n`k };

(25)

`
Hq,k
, {λq,k = 1, λp,k = 0; q 6= p = 1, . . . , n`k },

`
where H0,k
denotes that none of the measurements are gen`
represents that the qth TDOA
erated by the source, and Hq,k
`
measurement τ̂q,k is generated by the source, and all other
TDOAs are generated by clutters.
If the measurement is generated by a clutter, such that
λq,k = 0, the likelihood is assumed to be uniform within the
admissible TDOA range, given as
1
(i)
`
`
,
(26)
p(τ̂q,k
|xk , λq,k = 0) = Uτ (τ̂q,k
)=
2τmax
where τ = [−τmax , τmax ] denotes the possible TDOA range.
If the measurement is generated by a real source, the likelihood
is modelled as the true TDOA corrupted by white Gaussian
noise with variance στ2 [12], given by
(i)

(i)

`
`
p(τ̂q,k
|xk , λq,k = 1) = N (τ̂q,k
| τk` (xk ), στ2 ).

(27)

Of course, it is unknown whether each TDOA estimate is
`
generated by the target or clutter. The correct hypothesis Hq,k
is thus unknown a priori. In [8], [12], all the collected TDOA
estimates are deemed with equal importance. Assume that the
(i)
`
`
prior probability for H0,k
is q0 , so p(H0,k
|xk ) = q0 . The
(i)
`
prior probability p(Hq,k
|xk ) is equally weighted, so
(i)

`
p(Hq,k
|xk ) =

1 − q0
;
n`k

for q ∈ {1, . . . , n`k }.

(28)

The complete likelihood over all hypotheses from the `th
microphone pair is obtained by summing all hypotheses
`

(i)
p(Zk` |xk )

=

nk
X

(i)

(i)

`
`
p(Hq,k
|xk )p(Zk` |xk , Hq,k
)

q=0

=

q0
2τmax

+

1−q0
n`k

Pn`k

`

(2τmax )nk −1
The particles are then weighted according to
(i)

(i)

wk = w̃k−1

L
Y
`=1

(29)

(i)

`
`
2
q=1 N (τ̂q,k | τk (xk ), στ )

(i)

p(Zk` |xk ),

.

(30)

(i)

where w̃k−1 is the normalized weight. After resampling, the
posterior distribution of the state is approximated as
p(xk |Z1:k ) ≈

N
X
i=1

(i)

w̃k δx(i) (xk ),

(31)

k

where δ(·) is a Dirac-delta function with unity value if xk =
(i)
xk and 0 otherwise, and N is the number of the particles.

estimated from the signal set Yk first. These TDOAs are then
regarded as the measurement to track the source. Hence, the
accuracy of position estimation is highly dependent on the
accuracy of the TDOA measurements. Due to such an indirect
relationship, the potential performance bound derived here is
based on a two-stage calculation.
Consider only one TDOA at each microphone pair. The
measurement model at the `th pair can be addressed as

IV. P OTENTIAL T RACKING P ERFORMANCE B OUND
The PCRB provides a lower performance bound on the
mean square error (MSE) matrix for sequential Bayesian
estimation of random parameters. In this section, we present
the derivation of PCRB for the TDOA measurement based 3-D
position estimation in the noisy and reverberant environment.
Since the source position is estimated from the TDOA measurements rather than the received signal directly, a two stage
approach is introduced to obtain the tracking bound.
A. Posterior Cramér-Rao Bound
bk denote an unbiased estimator of the state vector xk
Let x
and Yk` = (y`,1 (k), y`,2 (k)) be the signal received at the `th
microphone pair. Let Yk = [Yk1 , . . . , YkL ] denote all received
signal at the time step k and Y1:k = [Y1 , . . . , Yk ] represent
the complete data set from time step 1 to k. The PCRB (lower
bound) on the estimation error has the form [15]

E (b
xk − xk )(b
xk − xk )T ≥ J−1
(32)
xk ,xk .
The Fisher information matrix (FIM) Jxk ,xk is given by
Jxk ,xk = E{−∆xxkk ln p(xk |Y1:k )},

(33)

where ∆xxkk is the second order partial derivative. The notations
of gradient and second order derivative are given by

T
∂
∂
∂
,
.
.
.
,
=
;
(34)
∇xk =
∂xk
∂x1k
∂xM
k
∆xxkk = ∇xk ∇Txk .
(35)
where xm
k denotes the mth element in vector xk . Here we
assume that the second order derivatives and expectations in
(33) exist. Given the posterior distribution p(xk |Y1:k ), the
FIM Jxk ,xk can be calculated recursively as [15]
21
11 −1 12
Jxk ,xk = D22
Dk ,
k − Dk (Jxk−1 ,xk−1 + Dk )

(36)

12
21
where D11
k , Dk , and Dk are given by
x

k−1
T −1
D11
A;
k =E{−∆xk−1 ln p(xk |xk−1 )} = A Q

D12
k
D21
k
D22
k

(37)

(38)
=E{−∆xxkk−1 ln p(xk |xk−1 )} = −AT Q−1 ;
xk−1
12 T
=E{−∆xk ln p(xk |xk−1 )} = {Dk } ;
(39)
xk
xk
=E{−∆xk ln p(xk |xk−1 )} + E{−∆xk ln p(Yk |xk )}
=Q−1 + E{−∆xxkk ln p(Yk |xk )}.
(40)

Define
e 22 = E{−∆xk ln p(Yk |xk )}.
D
k
xk

(41)

e 22 . The state xk is indirectly
The task here is how to evaluate D
k
related to the received signal Yk . That is, the TDOAs are

zk = τ k (xk ) + wk ,

(42)

where wk is a zero-mean Gaussian process which models
the uncertainties in the TDOA measurements. The CBR (9)
provides a theoretical lower bound for the variance of the
TDOA measurements. Here, we use the CRB σk` as the
variance for each TDOA measurement τ̂k` in (42), i.e., τ̂k` ∼
N (τk` (xk ), σk` ). The covariance matrix for wk can thus be
expressed as
Rk = diag(σk1 , σk2 , . . . , σkL ),

(43)

where diag(Ξ) denotes a diagonal matrix with diagonal elements Ξ and off diagonal elements zero.
e 22 , we need to take the second derivative
To calculate D
k
of the likelihood p(zk |τ k (xk )) modeled by the zero-mean
Gaussian process. The FIM can be formulated by following
the standard derivation of Bangs’ formula [21], written as
!
T

∂τ
(x
)
∂τ
(x
)
k
k
k
k
e 22 (i, j) =
R−1
D
k
k
∂xik
∂xjk
#
"

T
1
∂Rk
−1
−1 ∂Rk
,
(44)
+ tr Rk
Rk
2
∂xik
∂xjk
where

∂(·)
∂xik

denotes the partial derivative with respect to the
k (xk )
ith element of xk and ∂ τ∂x
can be obtained from (19).
i
k
The partial derivative of each element in Rk with respect to
xik can be obtained as
 X (ηk` )2 (1 + ηk` )(xik − pi` ) 2
∂σk`
` 2
=
8
σ
ωk .
k
∂xik
(1 + 2ηk` )2 (rk` )2
ω ∈Ω

(45)

k

Substituting (44) into (40) and then all Djk1 j2 (j1 , j2 ∈ {1, 2})
into (36), the PCRB can be calculated in a straightforward
e ` , the CRB of xk that considmanner. Note that by inverting D
k
ers only the temporal information from current measurements
can be obtained.
B. Multiple Hypothesis Model
The single TDOA measurement model (42) is overly optimistic since it regards that the TDOAs from all microphone
pairs are perfectly detected, i.e., the probability of detection is
one. However, false alarms can appear and also miss detection
can happen due to the noise and reverberation. To increase the
probability of detection, multiple TDOAs from a microphone
pair are usually collected to produce a measurement set, as
addressed by the measurement model (24). In multiple TDOA
measurement model, each TDOA is either a real detection

The formulation of the PCRB remains the same as that in
e 22
single TDOA model scenario except the calculation of D
k
22
e
in (40). In multiple TDOA measurement model, Dk is the
second derivative
QL of the logarithm of the total likelihood
p(Zk |xk ) = `=1 p(Zk` |xk ), which can be given as
(
!)
L
X
22
xk
`
e
D = E −∆
ln p(Z |xk )
.
(47)
k

xk
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generated by source signal or a false alarm due to noise and
reverberation. Hence, two hypotheses are defined in (26) and
(27) respectively. Following the two-stage calculation scheme
in Section IV.A, each TDOA measurement is assumed to be
following a zero-mean Gaussian distribution with variance σk` .
The likelihood for the `th microphone pair is given in (29) by
ignoring the particle index, rewritten here as
Pn`k
q0
`
`
`
0
+ 1−q
`
q=1 N (τ̂q,k | τk (xk ), σk )
2τ
n
max
`
k
. (46)
p(Zk |xk ) =
`
(2τmax )nk −1
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Source trajectory and the configuration of microphone pairs.

k

`=1
n`k

`

Define c1 = q0 /(2τmax ) , c2 = (1 − q0 )/(n`k (2τmax )nk ) and
n`k

Λ`k ,

X

`
N (τ̂q,k
| τk` (xk ), σk` ).

(48)

q=1

We have p(Zk` |xk ) = c1 + c2 Λ`k . The second order derivative
of the `th item in the summation of (47) can be calculated as


xk
`
E −∆xk ln p(Zk |xk ) = E − c2 (c1 + c2 Λ`k )−1 ∆xxkk Λ`k
)
 ` T
∂Λk
∂Λ`k
(c2 )2
,
(49)
+
∂xk
(c1 + c2 Λ`k )2 ∂xk
∂Λ`

where ∂xkk and ∆xxkk Λ`k are respectively the first order and the
second order derivatives of Λ`k , given as
 `
∂Λk
E
= 0,
(50)
∂xk
!
(

 X
T
n`k
`
`
∂τ
(x
)
∂τ
(x
)
k
k
q
k
k
E ∆xxkk Λ`k =
(σk` )−1
uk
i
j
∂x
∂x
k
k
q=1
"
#)
 ` T
1
∂σk
∂σ `
+ tr (σk` )−1
,
(51)
(σk` )−1 kj
i
2
∂xk
∂xk
`
where uqk = N (τ̂q,k
| τk` (xk ), σk` ).
e 22 in (47) into (36) and taking the inverse
Substituting the D
k
operation, the PCRLB for multiple TDOA measurement model
can be obtained. Since multiple TDOAs are incorporated at
each microphone pair, the FIM is different from that based
on the single TDOA measurement model by taking both false
alarms and miss detection into account.

V. S IMULATIONS
In this section, the performance of the developed PCRLB
under the single TDOA measurement model (MM1) and the
multiple TDOA measurement model (MM2) is studied. The

EKF and PF algorithms are also implemented to validate
the proposed PCRB. A number of microphone pairs are
deployed in the room environment to formulate a distributed
microphone pair network. The room dimension is 9 × 5 × 3m3
with background noise yielding an SNR level of 20dB. The
positions of microphone pairs in the x − y plane are randomly
drawn but assumed to be fixed and known during the tracking
process. The separation of each microphone pair is 50cm.
The height of all microphones is set to be 0.5m below the
ceiling. The whole experimental setup is depicted in Fig. 1.
Different noisy environments are simulated by adding white
Gaussian noise (WGN) with different energy level into the
received signal. Various reverberation time T60 s are used to
describe different reverberant environments. The RIR at each
microphone is generated by using the image method [22].
Given the system dynamic model (13), the tracking performance is determined by the variance of the TDOA estimates in
(9). In our first study, single TDOA measurement is generated
at each time step according to the measurement model (42).
Under such a scenario, q0 = 0 and MM1 is the same as MM2.
The variance of each TDOA measurement is given by (9). Fig.
3 shows the tracking results and the performance bound under
T60 = 0.3s (case #1) and T60 = 0.6s (case #2). Fig. 2 shows
the TDOA estimates by using the PHAT-GCC method for the
fourth microphone pair (indicated by dark circles in Fig. 1).
As the reverberation time T60 increases, the variance of TDOA
becomes larger. Also, since the source moves towards the
fourth microphone pair, the SRR becomes lower at the last few
time steps. Accordingly, the variance of TDOA decreases. Fig.
3 shows the tracking performance and the developed PCRB
under two different reverberation cases.
Since a single TDOA is simulated for each microphone
pair, the PCRB based on the multiple TDOA measurement
model is coincident with that based on the single TDOA
measurement model. Hence, only one PCRB is presented
here. It can be observed that as the reverberation time T60
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Fig. 5.

decreases, the PCRLB becomes lower. This indicates that
better tracking performance can be expected. Also, for such a
microphone deployment, better performance can be achieved
at time steps 15−20 and 35−45. The mean square error (MSE)
of the tracking approaches closely follows the PCRB. This
observation further validates the effectiveness of the derived
bound. In addition, this simulation shows that PF performs
better than EKF in the noisy and reverberant environment,
particularly when the reverberation is strong. The EKF can be
significantly degraded due to inaccurate TDOA measurements.
In our second study, a WGN signal is used as the source
signal so that the source signal is stationary and has a flat
spectrum. The SNR is thus the same over the interested
frequency band. The maximum number of TDOAs collected
at each microphone pair is 4. The parameter for the tracking
algorithm is q0 = 0.2 and στ = 1.5 × 10−5 . Two above
mentioned reverberant environments, case #1 and case #2
are considered. The SNR is fixed to 20dB. Fig. 4 shows the
measurements generated by a Gaussian source signal from the
microphone pair #4. Since for both cases, the reverberation
is strong, the TDOA estimation is degraded significantly.
Only a few TDOA estimates from the largest peaks of the

GCC function are correct. When multiple peaks are selected,
more accurate TDOA can be obtained from those secondary
largest peaks. The tracking performance and the derived PCRB
are shown in Fig. 5. The single TDOA measurement model
(MM1) based PCRB is a theoretical bound since it is derived
from the state space model. Basically, it assumes that the
TDOAs are always the correct detections and ignores the
false alarms and the miss detection. Hence, it is overly
optimistic and not achievable. The PCRB derived from the
multiple TDOA measurement model (MM2) takes false TDOA
measurement and miss detection probability into account. It is
higher than the PCRB based on the single TDOA measurement
model. For the tracking performance, it is observed that the
EKF cannot track the source since the TDOA measurements
are degraded seriously and large miss detection and false
alarms appear when a single TDOA is used. The PF algorithm,
on the other hand, is able to incorporate multiple TDOAs to
increase the probability of detection and also considers false
alarms and miss detection. It thus performs better than EKF.
The PCRB for real speech signal is also studied. The
speech signals are taken from the WSJCAM0 corpus [23]
with a sampling frequency of 16kHz. Estimating the TDOAs

PCRB and MSE of the tracking algorithms for WGN source signal.
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for speech is more challenging due to the nonstationary
characteristic of the speech signal. Fig. 6 shows the TDOA
estimation from the microphone pair #4 under T60 = 0.3s
(case #1) and T60 = 0s (case #3). The SNR is set as
20dB. Even in the anechoic environment (i.e., T60 = 0s), the
TDOA measurements are degraded significantly. The PCRBs
are presented in Fig. 7. Compared to the PCRB for simulated
TDOAs and WGN generated TDOAs, the PCRB for real
speech signal is higher. However, the variation of the PCRB
under a specific environment matches that under simulated
TDOA and WGN generated TDOA scenarios well.
VI. C ONCLUSIONS
In this paper, a Bayesian tracking performance bound is
derived for an acoustic source tracking in a room environment.
Multiple TDOA measurement model that considers the false
alarms and miss detection is considered to make the derived
bound more practical. Simulations under different reverberant
environments and different source signals are organized to
validate the proposed PCRBs. However, the probability of
detection on each TDOA measurement is equally distributed.
In our future work, real probability of detection on different
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