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Abstract. A new approach for convolutive blind source separation
(BSS) using penalty functions is proposed in this paper. Motivated by
nonlinear programming techniques for the constrained optimization problem, it converts the convolutive BSS into a joint diagonalization problem
with unconstrained optimization. Theoretical analyses together with numerical evaluations reveal that the proposed method not only improves
the separation performance by signiﬁcantly reducing the eﬀect of large
errors within the elements of covariance matrices at low frequency bins
and removes the degenerate solution induced by a null unmixing matrix,
but also provides an uniﬁed framework to constrained BSS.

1

Introduction

Among open issues in BSS, recovering the independent unknown sources from
their linear convolutive mixtures remains a challenging problem. To address this
problem, we focus on the operation in the frequency domain [2]-[5] rather than
the approaches developed in the time domain (see [1] for example), due to its
simpler implementation and better convergence performance. Using a discrete
Fourier transformation (DFT), a time-domain linear convolutive BSS model can
be transformed into the frequency domain [2], i.e., X(ω, k) = H(ω)S(ω, k) +
V(ω, k), where S(ω, k) and X(ω, t) are the time-frequency vectors of the N
source signals and the M observed signals respectively (M ≥ N ), k is the discrete time index. The objective of BSS is to ﬁnd W(ω) which is a weighted
pseudo-inverse of H(ω), so that the elements of estimated sources Y(ω, k) are
mutually independent, where Y(ω, k) = W(ω)X(ω, k). To this end, we exploit
the statistical nonstationarity of signals by using the following criterion [4]
T K
F (W)(ω, k),
(1)
J (W(ω)) = arg min
W

ω=1

k=1

2

where F (W) = RY (ω, k)−diag[RY (ω, k)]F , ||·||2F is the squared Frobenius
norm, diag(·) is an operator which zeros the oﬀ-diagonal elements of a matrix, and RY (ω, k) is the cross-power spectrum of the output signals at multiple
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times, i.e., RY (ω, k) = W(ω)[RX (ω, k)−RV (ω, k)]WH (ω), where RX (ω, k) and
RV (ω, k) are respectively the covariance matrices of X(ω, k) and V(ω, k), and
(·)H denotes the Hermitian transpose operator. Minimization of this criterion is
equivalent to joint diagonalization of RY (ω, k) for all time blocks k, k = 1, . . . , K,
that is, RY (ω, k) will become a diagonal matrix ΛC (ω, k) due to the independence assumption [4].
However, there exists degenerate eﬀect at low frequency bins induced by the
large errors within the elements of covariance matrices (see more details in Section 4). Moreover, a null unmixing matrix W(ω) also minimizes the criterion
and potentially leads to a degenerate solution. In this paper, we propose a new
approach based upon penalty functions, which is motivated by nonlinear programming techniques for constrained optimization. Essentially, we reformulate
of the constrained BSS discussed in Section 2 as an unconstrained optimization
problem using penalty functions. We will show that this approach provides an
eﬀective way of overcoming the aforementioned problems and a framework of
unifying the joint diagonalization with unitary and non-unitary constraint. The
remainder of this paper is organized as follows. Constrained BSS problem is
brieﬂy discussed in Section 2. The penalty function approach is introduced in
Section 3, which includes its mathematical formulation, convergence behavior,
numerical stability, and algorithm summary. The experimental results and the
conclusion are respectively given in Section 4 and Section 5.

2

Constrained Blind Source Separation

Although BSS employs the least possible information pertaining to the sources
and the mixing system, there exists useful information in practice for developing
various eﬀective algorithms to separate the mixtures, such as the geometrically
constrained parameter space with w = 1 exploited in [12], orthonormal conT
straint on W(k) i.e., W(k)W (k) = I used in [11] and [13], a non-holonomic
constraint on W(k) maintained by a natural gradient procedure in [15], the
source geometric information constraint exploited in [17] and a non-negative
constraint in [16]. The orthonormal constraint has also been addressed as the
optimization problem on the Stiefel manifold or Grassman manifold in [14] [13].
A recent contribution in [10] justiﬁes that imposing an appropriate constraint on
the separation matrix W(k) or the estimated source signals with special structure provides meaningful information to develop a more eﬀective BSS solution
for practical applications.

3

Penalty Function Approach

Eﬀectively, a constrained BSS problem can be reformulated as the following
equality constrained optimization problem,
P1 :

min J (W(ω))

s.t. g(W) = 0

(2)

where g(W) = [g1 (W), g2 (W), · · · , gr (W)]T : CN ×M → Rr denotes the possible
constraints, J : CN ×M → R1 , and r ≥ 1 indicates there may exist more than
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one constraint. In the BSS context, J (W(ω)) denotes the various joint diagonalization criteria (1), and g(W) represents various constraints such as unitary
constraint WWH = I or non-unitary constraint WWH = I. To convert (2)
into an unconstrained optimization problem, we have to deﬁne suitable penalty
functions since it is unlikely to ﬁnd a generic penalty function optimal for all constrained optimization problems. Regarding the equality constraint, we introduce
a class of exterior penalty functions given as follows.
Definition 1: Let W be a closed subset of CN ×M . A sequence of continuous
functions Uq (W) : CN ×M → R1 , q ∈ N, is a sequence of exterior penalty functions for the set Z if the following three conditions are satisﬁed: (i) Uq (W) =
0, ∀ W ∈ W, q ∈ N; (ii) 0 < Uq (W) < Uq+1 (W), ∀ W ∈
/ W, q ∈ N; (iii)
/ W.
Uq (W) → ∞, as q → ∞, ∀ W ∈
Fig. 1 shows a typical example of such a function. According to Deﬁnition 1,
it is straightforward to show that a function Uq (W) : CN ×M → R deﬁned as
follows forms a sequence of exterior penalty functions for the set W,
γ

Uq (W)  ζ q g(W)b

(3)

where q ∈ N, γ ≥ 1, ζ q+1 > ζ q > 0, ζ q → ∞, as q → ∞ , where b = 1, 2, or ∞.

Fig. 1. Ui (W) (i = 0, 1, · · · , ∞) are typical exterior penalty functions, where U0 (W) <
U1 (W) < · · · < U∞ (W) and the shadow area denotes the subset W.

After incorporating penalty functions, the new cost function becomes,
P2 :

J(W(ω)) = J (W(ω)) + κT U(W(ω)),

(4)

T

where U(W(ω)) = [U1 (W(ω)), · · · , Ur (W(ω))] , whose elements take the form
(3) which can be designed properly so that W(ω) = 0, J (W(ω)) can be the
T
form of (1), and κ = [κ1 , · · · , κr ] (κi ≥ 0) are the weighted factors.
3.1

Convergence Behavior

The separation problem is thereby converted into an unconstrained optimization
problem using joint diagonalization, i.e., min J(W(ω)). The equivalence between
(4) and (2), together with their critical points obey the following theorems.
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Theorem 1: Let the set W be a closed subset of 
CN ×M which
 satisﬁes g(W) = 0,


the set B(Ŵ, ρ) be denoted by {W ∈CN ×M | W − Ŵ ≤ ρ}, where ρ > 0.
F

Suppose that the following assumptions are satisﬁed: (a) If there exists a point
W∗ such that the level set {W ∈CN ×M | f (W) ≤f (W∗ )} is compact, and
(b) there exists an optimal solution Ŵ for problem (2) such that for ∀ρ >
0, B(Ŵ, ρ)∩W is not empty. Then: (i) For any given i ∈ N, let Wi be an
optimal solution to problem P2 in (4) at the ith trial. Then any accumulation point Ŵ of Wi (i = 0 → ∞), is an optimal solution to problem P1
in (2). (ii) For every i ∈ N, let Wi be a strict local minimizer for problem
P2 in (4) at the ith trial, so that for some ρi > 0, fi (Wi ) < fi (W) for all
W ∈ B(Wi , ρi ) = {W ∈CN ×M | W − Wi F ≤ ρ}. If Ŵ is an accumulation
point of Wi (i = 0 → ∞), and there exists a ρ > 0, such that ρi ≥ ρ, for all
i ∈ N, then Ŵ is a local minimizer for the problem P1 in (2).
The proof of this theorem is omitted due to the limited space. It is worth
noting that the assumption (a) in Theorem 1 is to ensure that problem (2)
has a solution and the assumption (b) is to ensure that the closure of the set
B(Ŵ, ρ)∩W contains an optimal solution to problem (2). The theorem implies
that only given large enough penalty parameters, the new criterion (4) holds the
same global and local properties as that without the penalty term. In practical
situations, however, this means that the choice of the initial values of the penalty
parameters has an important eﬀect on the overall optimization accuracy and
eﬃciency. Too small values will violate major constraints, and too large values
may create an ill-conditioned computation problem [9]. This fact can also be
observed from the eigenvalue structure of its Hessian matrix demonstrated in
Section 3.2.
3.2 Numerical Equivalence and Stability
Assuming that J(W) is twice-diﬀerentiable and calculating the perturbation
matrix ∆ of W , we have the following Hessian matrix
∂U(W) 2
∂ 2 U(W)
∇
g
(W)+
κ
∇gi (W)∇gi (W)T (5)
i
∂W∗
∂W∗
The conditions of Theorem 1 indicate that as κ → ∞, W will approach the
optimum Ŵ. If Ŵ is a regular solution to the constrained problem,
then there

∂U (Ŵ)
λ̄i ∇gi (W) = 0
exists unique Lagrangian multipliers λ̄i such that ∂W∗ +
∆

∇2 J(W) = ∇2 F (W)+ κ

(W)
→ λ̄i as W → Ŵ. The ﬁrst two terms in (5) approach
[7]. This means κ ∂U
∂W∗ 
the Hessian of F (W) +
λ̄i gi (W). Considering the last term in (5), it can be

shown that as κ → ∞, ∇2 J(W) has some eigenvalues approaching ∞, and others
approach ﬁnite value. The inﬁnite eigenvalues will lead to an ill-conditioned computation problem. Let  be the step size in the adaptation, then in the presence
of nonlinear equality constraints, the direction ∆ may cause any reduction of
F (W+∆) to be shifted by κU(W+∆). This requires the step size to be small
to prevent the ill-conditioned computation problem induced by large eigenvalues
with a trade-oﬀ of having a lower convergence rate. Such a theoretical analysis
is veriﬁed in section 4.
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Fig. 2. Convergence behavior of the penalty function approach.

3.3

Approach Summary

Based on the discussions given in the above sections, the proposed algorithm
by incorporating penalty functions is conducted as following steps (using the
steepest descent gradient adaptation):
1). Initialize parameters N , M , D, T , K, W0 , α, ξ, ς, IRN , W0 (ω);
2). Convert the input mixtures x(n) to X(ω, n); calculate the cross-power specD−1
1
H
trum matrix R̂X (ω, k) = D
m=0 X(ω, Dk + m)X (ω, Dk + m);
3). Calculate the cost function and update gradient:
– for i = 1 to IRN

2
* Update µJM (ω) = α/( K
k=1 ||RX (ω, k)||F ), and µJC (ω) = ξ/(ς +
K  ∂JC (W)(ω,k) 
 ) respectively;
k=1 
∂W∗ (ω)
F

∂U
* Update W(ω) ← W(ω) + µ(µJM ∂W∂J
∗ (ω) + µJC ∂W∗ (ω) );
* Update Ji (W(ω)) using (4);
* if (Ji (W(ω)) > Ji−1 (W(ω))) break;
– end

4). Solve permutation problem Wnew (ω) ← P(W(ω)), where P is a function
dealing with permutation operation (refer to [4]);
5). Calculate Y(ω, k) = W(ω)X(ω, k) and reconstruct the time domain signals
y(n) = IDF T (Y(ω, k));
6). Calculate the performance index, e.g., signal to interference ratio (SIR) [4].
7). End.
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Fig. 3. Comparison of the oﬀ-diagonal elements of the cross-correlation matrices
RY (ω, k) at each frequency bin between the proposed method and that in [4] (κ = 0).

4

Numerical Examples

To examine the proposed method, we use an exterior penalty function with the
2
form of diag[W(ω) − I]F [6], and a variant of gradient adaptation κdiag[W(ω)
− I]W(ω). A system with two inputs and two outputs (TITO) is considered for
simplicity, that is, N = M = 2. Two real speech signals are used in the following
experiments, which are available from [19]. In the ﬁrst experiment, we artiﬁcially
mix the two sources by a non-minimum phase system with H11 (z) = 1+1.0z −1 −
0.75z −2, H12 (z) = 0.5z −5 +0.3z −6 +0.2z −7, H21 (z) = −0.7z −5 −0.3z −6 −0.2z −7,
and H22 (z) = 0.8 − 0.1z −1 [18]. Other parameters are set to be T = 1024, K = 5,
D = 7, α = 1, ς = 0.05, ξ = 0.2, W0 (ω) = I, and µ = 1. We applied the short
term FFT to the separation matrix and the cross-correlation of the input data.
Fig. 2 show the convergence behavior by incorporating penalty functions. Fig
2 (a)-(c) indicate that, when increasing the penalty coeﬃcient κ, not only the
constraint is approached more quickly, but also the cost function converges faster.
However, it is also observed that a large penalty κ (e.g. κ = 10) introduces the
ill-conditional problem under a common step size. Such eﬀect can be properly
removed by reducing the step size, see Fig. 2 (d), where κ is ﬁxed to be 10, but µ
is changing (The adaptation stops when a threshold is satisﬁed). Theoretically,
due to the independence assumption, the cross-correlation of the output signals
should approach zero. Fig. 3 demonstrates that it is true at most frequency bins,
however with exception for the low frequency bins. From Fig. 3, we see that this
eﬀect can be signiﬁcantly reduced by using penalty functions.
In the second experiment, the proposed joint diagonalization method is compared with other two joint diagonalization criteria [4] [8]. The mixtures are obtained from the simulated room environment, which was implemented by a roommix function available from [20]. The room is assumed to be a 10m × 10m × 10m
cube with wall reﬂections computed up to the ﬁfth order. The position matrices
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Fig. 4. SIR measurement for a simulated room environment with high reverberance.

of two sources and two sensors are respectively [2 2 5;8 2 5] and [3 8 5;7 8 5].
The SIR plot in Fig. 4 shows that: (i) incorporating a suitable penalty function
can increase the SIR which indicates a better separation performance; (ii) the
separation quality increases with the increasing ﬁlter length of the separation
system; (iii) exploiting spectral continuity of the separation matrix (the proposed method and that in [4]) may have superior performance to the method
(e.g., [8]) which considers the separation at each frequency bin independently.

5

Conclusion

The penalty function based joint diagonalization approach for frequency domain BSS has been presented. Its convergence behavior and numerical stability
have also been discussed. Experimental evaluation indicates that the proposed
approach improves the convergence performance as compared with cross-power
spectrum based method, and signiﬁcantly reduces the degenerate eﬀect existing
on the lower frequency bins therefore improves its separation performance. This
approach also provides a unifying view to constrained BSS which is useful to
develop suitable BSS algorithms using optimization techniques.
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