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Extended Abstract 
 

Understanding the effectiveness of the Multiple Classifier Systems (MCS) framework has prompted the 
definition of various vote counting measures. The Margin concept was used originally to help explain 
Boosting. Bias and Variance are concepts from regression theory that have motivated modified definitions 
for 0/1 loss function for characterising Bagging and other ensemble techniques. Although it is known that 
diversity among base classifiers is a necessary condition for improved performance, there is no general 
agreement about how to quantify the notion of diversity among a set of classifiers. Various diversity 
measures have been studied with the intention of determining whether they correlate with ensemble 
accuracy. However, it is not clear or straightforward how to use the information available from any of these 
measures to assist in MCS design. The most common design approach is to rely on either a validation set or 
cross-validation techniques to select MCS parameter values.  
 
In this paper, we propose a spectral representation of a Boolean function for analysing the feature space 
defined by a set of binary base classifiers. In contrast to the conventional method of representing a Boolean 
function as single vertices of the binary hypercube, a spectral representation incorporates global 
information about the function in each spectral coefficient. We assume that spectral techniques are more 
likely to be useful for realistic Pattern Recognition applications dealing with noisy data.  Since the data is 
also incompletely specified and may be contradictory, we concentrate upon information content rather than 
computing the inverse transform. For the purposes of this paper, we exploit known properties of the 
spectral representation with respect to its ability to characterise high order correlations in the data. In MCS, 
the function is defined by the mapping from the set of binary classifiers to the target labels. By computing 
the first order spectral coefficients, we show that it is possible to define a measure of separability for the 
collection of half-spaces implied by the classifiers. Each pair of patterns, drawn from different classes, is 
rated according to contribution to separability. In our experiments, separability of a dataset is measured as 
the base classifier complexity is varied. 
 
For the experiments reported here, a set of single hidden-layer MLPs connected in parallel serve as base 
classifiers. The training strategy for each individual MLP requires the setting of a number of parameters, 
which is considered by many to be the main drawback of these powerful classifiers. In our experiments, 
two MLP training parameters (numbers of hidden nodes and epochs) are systematically varied to simulate 
variation in base classifier complexity. Experimental evidence suggests that the proposed measure is 
correlated with base classifier test error as base classifier complexity is varied. The conclusion is that 
further investigation is warranted into the use of spectral techniques for MCS.  
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Abstract 
Various measures, such as Margin and Bias/Variance, have been proposed with the aim of gaining a better 

understanding of why Multiple Classifier Systems (MCS) perform as well as they do. While these measures 

provide different perspectives for MCS analysis, it is not clear how to use them for MCS design. In this 

paper a different measure based on a spectral representation is proposed for two-class problems. It 

incorporates terms representing positive and negative correlation of pairs of training patterns with respect 

to class labels.  Experiments employing MLP base classifiers, in which parameters are fixed but 

systematically varied, demonstrate the sensitivity of the proposed measure to base classifier complexity. 

Keywords: decision level fusion, multiple classifiers, ensembles, error-correcting, binary coding 

1. Introduction 

Traditionally, the approach used in the design of pattern classification systems has been to experimentally 

compare the performance of several classifiers in order to select the best one. However, an alternative 

approach based on combining multiple classifiers, has emerged over recent years and represents a departure 

from the traditional strategy. This approach goes under various names such as Multiple Classifier Systems 

(MCS) or committee or ensemble of classifiers, and has been developed to address the practical problem of 

designing automatic pattern recognition systems with improved accuracy. Recognising that each classifier 

may make different and perhaps complementary errors, the aim is to design a composite system that 

outperforms any individual classifier by pooling together the decisions of all classifiers. The expected result 

is that a single complex classifier may be advantageously replaced by a combination of relatively simple 

classifiers, often called base classifiers in the ensemble context. 

 

It is clear that if all classifiers are identical there can be no advantage in combining their decisions, and 

therefore some differences between base classifiers is a necessary condition for improvement. Indeed, some 

MCS techniques actively attempt to perturb some aspect of the training set, such as features, patterns or 
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labels in order to force classifier diversity [1]. The best-known perturbation techniques are Bagging and 

Boosting, both of which have been extensively studied. Bagging [2] and the original form of Boosting [3] 

are both voting algorithms. Bagging (from Bootstrap Aggregating) forms replicate training sets by 

sampling with replacement, and combines the resultant classifications with a majority vote. Boosting, 

which combines with a weighted vote is more complex than Bagging in that the distribution of the training 

set is adaptively changed based upon the performance of sequentially constructed classifiers. 

 

Understanding the effectiveness of the MCS framework has received much attention in the literature. The 

Margin concept (section 3.1) was used originally to help explain Boosting. Bias and Variance (section

3.2) are concepts from regression theory that have motivated modified definitions for 0/1 loss function for 

characterising Bagging and other ensemble techniques. Different but related approaches that have 

contributed to a theoretical understanding of MCS include [4] and [5]. Although it is known that diversity 

among base classifiers is a necessary condition for improved performance, there is no general agreement 

about how to quantify the notion of diversity among a set of classifiers. As discussed in Section 3.3, 

various diversity measures have been studied with the intention of determining whether they correlate with 

ensemble accuracy. However, it is not clear or straightforward how to use the information available from 

any of these measures to assist in MCS design. The most common design approach is to rely on either a 

validation set or cross-validation techniques to select MCS parameter values.  

 

In this paper, we propose a spectral representation of a Boolean function for analysing the feature space 

defined by a set of binary base classifiers. In contrast to the conventional method of representing a Boolean 

function as single vertices of the binary hypercube, a spectral representation incorporates global 

information about the function in each spectral coefficient. We assume that spectral techniques are more 

likely to be useful for realistic Pattern Recognition applications dealing with noisy data.  Since the data is 

also incompletely specified and may be contradictory, we concentrate upon information content rather than 

computing the inverse transform. Therefore, it is not too important which spectral ordering we choose, but 

we will refer to the Rademacher-Walsh spectrum. The Rademacher functions [6] are an incomplete set of 
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orthogonal functions that can generate the complete set of Walsh functions, though not in original Walsh 

order. This alternative order, referred to as Rademacher-Walsh, is the one most frequently used for 

Threshold Logic Unit (TLU) synthesis, as discussed in [7] [8] using spectral decomposition, summation 

and translation. 

 

For the purposes of this paper, we concentrate on known properties of the spectral representation with 

respect to its ability to characterise high order correlations in the data  (section 0). In MCS, the function is 

defined by the mapping from the set of binary classifiers to the target labels. By estimating  the first order 

spectral coefficients, we show that it is possible to define a measure that characterises the collection of half-

spaces implied by the classifiers. Each pair of patterns, drawn from different classes, is rated according to 

contribution to separability. In our experiments, the proposed measure is shown to correlate well with base 

classifier test error suggesting the possibility of selecting base classifier parameters based on information 

available from the training set.  

 

We know that model selection using training data alone requires a built-in assumption, since realistic 

learning problems are in general ill-posed [9]. Ways of building in appropriate assumptions have been 

investigated in various contexts, for example in certain decision tree pruning methods [10] and information-

theoretic approaches [11] [12] [13]. Here, the assumption is built into the estimation of spectral 

coefficients, namely that the spectral contribution with respect to a pair of patterns is inversely proportional 

to Hamming Distance (Equation (2), section 2.3).  Hamming Distance was also used as a measure of 

closeness between binary patterns in the decision-making stage of Error-Correcting Output Coding  

(ECOC) [14]  [15]. The principle behind ECOC is that individual classification errors can be tolerated if 

codes with large Hamming distance are employed. In ECOC however, L1 norm usually replaces Hamming 

Distance if it can be shown that base classifiers provide good probability estimates [16]). 
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For the experiments reported here, a set of single hidden-layer MLPs connected in parallel serve as base 

classifiers. The training strategy for each individual MLP requires the setting of a number of parameters, 

which is considered by many to be the main drawback of these powerful classifiers. In our experiments, 

two MLP training parameters (numbers of hidden nodes and epochs) are systematically varied to simulate 

variation in base classifier complexity. Training set perturbation methods were generally developed with 

classification trees as base classifiers, and do not necessarily improve performance with neural network 

base classifiers. In this paper we do not perturb the training set as in Bagging, but use MLP weight 

initialisation, which provides inherent random perturbation. The ability to vary complexity in a smooth way 

is not shared by decision trees and a neural network is an appropriate choice if we want to determine 

sensitivity of the proposed measure to base classifier complexity. 

 

The paper is organised as follows. The meaning and calculation of spectral coefficients, along with the 

definition of the proposed measure is given in section 2. Other vote counting measures including Margin 

and Bias/Variance are discussed in Section 3, with experimental evidence using artificial and real data 

presented in Section 4. An Appendix that explains the underlying concepts and relationship to separability 

is provided after the Conclusion. 

  

2. Spectral Representation  

This section is split into four topics. The first topic in section 0 deals with the spectral representation of a 

Boolean function f(X) and reviews established theory pertaining to the meaning of spectral coefficients  [8]. 

Secondly, in Section 2.2 we propose a representation of f(X) that enables spectral coefficients to be easily 

computed. The advantage of this representation is that, with suitable assumptions, it enables the estimation 

of spectral coefficients even when f(X  is noisy, incomplete and contradictory, as discussed in section 2.3. 

The final topic deals with the definition of the proposed measure in section 2.4. 
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Assume that we are dealing with a two-class problem and that one of two classes is assigned to each of b 

base classifiers, so that the mth training pattern Xm may be represented as a vertex in the b-dimensional 

binary hypercube 

 
),,,( 21 mbmmm xxxX �=    xmj and f(Xm) ∈   {+1,-1}  

 
 
 

 

The following equations assume {+1,-1} coding and a simple modification is required for {0,1} coding 
 
 

2.1 Spectral coefficients and meaning 

The transformation of binary data can be carried out using a variety of matrices 

that differ only in row ordering. The Hadamard transform Tn with entries ∈ 

{ +1,−1}  is a complete orthogonal square matrix that can be expressed as a recursive structure: 

 

The Walsh and Rademacher-Walsh transform matrices have similar row entries but use a different ordering 

of the 2n functions that collectively constitute the closed set. The inverse for all these three orderings exists 

and is given by (2n)-1[Tn] t. However, since the functions we deal with are incompletely specified and noisy 

we do not attempt to compute the inverse transform, which would necessitate { +1, -1}  coding.  Therefore, 

we can use any spectral ordering and any binary coding for both features and target. Assuming that the 

transform is represented by TnY = S, in [8] the subscript notation and corresponding meaning for 

coefficients up to third order is given as follows: 

 
s0     correlation between f(X) and constant   

si i=1...n    correlation between f(X) and xi                 (2) 

sij i,j = 1...n, i≠j      correlation between f(X) and xi ⊕ xj 

sijk i,j,k = 1...n, i≠j≠k   correlation between f(X) and xi⊕ xj ⊕ xk 

......... and continues for fourth order and above  

where ⊕ is logic exclusive-OR. All higher order coefficients can be computed from a simple summation of 

first order contributions [17] (see example 1). Interestingly, it is known that first order coefficients, si, 

(1) 

T T

T T

n n

n n

− −

− −−










1 1

1 1
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provide a unique identifier of f(X) if it is linearly separable. Although there is no known mathematical 

relationship between si and weight/threshold values of a Threshold Logic Unit (TLU) implementation, 

tables exist for n ≤ 7  (for example see [8]).  

2.2 Spectral coefficient calculation 

The proposed representation of f(X)  is based on the concept of sensitivity σ and its motivation  is explained 

in the Appendix. Informally, σ indicates whether a change in binary value   xj gives rise to a change in f(X).  

The information is implicit in the original representation, but by making it explicit, excitatory and 

inhibitory spectral contributions can be easily computed [18].  For a completely specified function in 

{ +1,1}  coding the  mth  pattern component xmj is assigned σmj ( j=1,2,...b) as follows 

 

2

1 njmj

mj

xx−
=σ , )()( nm XfXf ≠ ,   1

2

1
1

=∑ 




 −
=

b

j

njmj xx
  

 

where  Hamming Distance ∑ 




 −
=

=

b

j

njmj

nmH

xx
XXD

1 2

1
),(  

 
In { 0,1}  coding this changes to  
 

njmjmj xx ⊕=σ , )()( nm XfXf ≠ ,   1
1

∑ =⊕
=

b

j
njmj xx   

 
 
  

 
In order to keep excitatory and inhibitory contributions separate, σmj is defined as 

excitatory or positive correlation, denoted  σmj
+  if  xmj= f(Xm) 

inhibitory or negative correlation, denoted σmj
-  if xmj ≠ f(Xm) 

 

After applying equation (3), each pattern component xj has associated σj  which is written as xj
σj. Using 

spectral summation [8] the difference between  excitatory and inhibitory contributions,  j
X

σ∑ + and 

j
X

σ∑ −  gives the first order spectral coefficient sj. The existence of j
X

σ∑ + > 0 and j
X

σ∑ − > 0 for 

{  

(3) 
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given j provides evidence that the set of patterns is not 1-monotonic in the jth component and therefore 

non-separable  (1-monotonic check (a1) in the Appendix). 

Example 1 demonstrates two ways of computing the spectral coefficients of f(X). 

 
 

 

2.3 Spectral coefficient estimation for Incompletely specified functions 

 
For noisy incompletely specified and perhaps contradictory patterns, equation (3) needs to be modified.  

 
 

∑ 




 −
=

Xn nmH

njmj
mj XXD

xx

),(2

1
σ ,  )()( nm XfXf ≠ ,     

 
where σmj is denoted σmj

+ and   σmj
-  as defined in Rule 1 

 

Example 1: Spectral coefficient calculation: non-separable function 
 

f(X) = (x1 ∩ x2 ) ∪ ( x1 ∩x2 ) ∪ ( x2 ∩ x3 ) 
 
With reference to the meaning of coefficients given in (2), the spectral ordering associated with matrix 

multiplication given in Figure 1 assumes the truth table ordering of Table 1. An alternative calculation 

of the spectral coefficients is obtained by applying equation (3), as shown in Figure 2. The three rows in 

Figure 2 represent class 1 binary patterns, and  s1, s2, s3 are the first order spectral coefficients.  Only 

class 1 is shown and, by duality, there is an identical contribution from class -1. To calculate higher 

order coefficients, the first order contributions are added for the respective columns, ignoring any 

component with σj = 0. 

 
e.g. s1   = 2 * (1-1+1) = +2, using column 1.  
 s12 =  2 * ((1 * 1) + (-1 * -1) +  (1 * 1)) = +6 using  column 1,2. 
 s123 = 0 +  2 * (-1 * -1 * 1) + 0 = +2 using  column 1,2,3. 
 

j
X

σ∑ +  / j
X

σ∑ −    (j = 1,2,3)   = [4/2,4/2,2/0] , showing that the function is not 1-monotonic in the 

first two components from (a1) in the Appendix, and is therefore non-separable. 

(4) 
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In contrast to equation (3), in equation (4) all pattern pairs drawn from different classes are considered, not 

just nearest DH neighbours.  With no evidence to the contrary, the contribution to a pattern pair is assumed 

to be inversely proportional to HD and shared equally between all pattern components that differ. 

         
 

2.4 Spectral coefficients and Separability  

 

In the MCS representation given in (1), the jth component xj of a pattern pair has associated 
−

jσ after 

applying equation (4) only if the jth base classifier mis-classifies both patterns. Therefore we expect that  a 

pattern with relatively large ∑
=

−b

j
j

1
σ  is likely to come from regions where the two classes overlap. In order 

to characterise a pattern’s contribution to separability we look at the relative contribution with respect to 

j
X

σ∑ + and j
X

σ∑ − . The proposed measure σT for a pattern is defined to be the difference between  

relative excitatory and inhibitory contributions, normalised so that –1 ≤ σT ≤ 1. 

 

σT     =  
N

1
 x    ∑ ∑∑=

−

−

+

+
































−

b

j

X
j

j

X
j

j

1 σ
σ

σ
σ

    

 

  

 where ∑ ∑∑=
−

−

+

+
































+=

b

j

X
j

j

X
j

jN
1 σ

σ
σ

σ
    and   ∑

X

is sum over all training patterns 

 
Cumulative distribution graphs for σT are defined similar to cumulative distribution graphs for Margin 

(section 3.1), that is f(σT) versus σT where f (σT) is the fraction of patterns with separability at least σT. 

Experimental results on natural benchmark datasets in section 4 show that, as base classifier complexity is 

increased, the σT distribution appears to be sensitive to the  (training set) contribution from overlap regions. 

(5) 
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3. Vote Counting measures 
Various vote counting measures have been proposed with the aim of gaining a better understanding of 

MCS performance. Margin is simply found by counting the additional votes received by the winning class 

with respect to the second winner (section 3.1). Most Bias/Variance definitions are defined as a vote count 

comparison between base classifiers and Bayes classifier (section 3.2). Pair-wise diversity measures are 

functions of misclassification counts for a pair of classifiers (section 3.3). Note also that the McNemar 

significance test [19], which we use in section 4, applies the chi test which involves thresholding a 

function of the counts defined in section 3.3.  

3.1 Margin 

Margin was originally developed for Support Vector Machines and Boosting. In [20]the margin concept 

was used to analyse Boosting and thereby understand its effectiveness in generalising well even though the 

training error drops exponentially fast. The intention was to explain why, for many problems, Adaboost 

appears not to over-fit with increasing number of classifiers despite the training error reducing to zero. The 

Margin of a training example is defined as the difference between the weight given to the correct class and 

the maximum weight given to any of the other classes. It is defined as a number between –1 and +1, and is 

positive for a correct classification. Furthermore, the absolute value of the Margin represents confidence of 

classification. For a two-class problem,  the Margin  for mth training pattern Xm with target ωm  is given by 

Margin(Xm, f(Xm) = 

∑

∑

=

=
b

j
j

b

j
mjjm xXf

1

1
)(

α

α
       

 
  where αj is the weight associated with jth base classifier  
 
Note that Margin for majority vote (αj = 1/b) is identical to unnormalised  s0 defined in (2), so that Margin 

may be regarded as a special case of spectral summation. 

 
It is customary to plot Margins as cumulative distribution graphs, that is f (z) versus z where z is the 

Margin and f (z) is the fraction of patterns with Margin at least z. A Margin distribution curve that moves to 

(6) 
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the right is indicative of a more confident classification as given in [20], and in which it is also proved that 

larger Margins are associated with superior upper bounds on the generalisation error. It is also shown that 

the derived bound is independent of the number of classifiers. However, as pointed out by the authors, the 

bounds are not necessarily tight and therefore of limited practical usefulness. Larger Margins are 

sometimes consistent with higher prediction error, and Adaboost is known to over-fit on some high noise 

problems even though Margins are increased. The problem appears to be that difficult patterns, such as 

outliers and misclassifications, can distort the Margin distribution. In [21] it is claimed that tighter and 

therefore more useful bounds are derived. In [22] a distinction is made between hard and soft Margin 

similar to SVM Margin optimisation, and a soft Margin is proposed that allows the possibility of 

mistrusting patterns associated with repeated misclassifications. 

3.2 Bias/Variance 

The use of Bias and Variance for analysing multiple classifiers is motivated by what appears to be 

analogous concepts in regression theory. It might be supposed that averaging a large number of classifiers 

leads to a smoothing out of the error rates. Indeed, visualisation of simple two-dimensional problems 

appears to support the idea that Bias/Variance is a good way of quantifying the difference between the 

Bayes decision boundary and the combined classifier boundary. However there are at least three reported 

fundamental difficulties with the various Bias/Variance definitions for 0/1 loss functions. 

 

First, a comparison of Bias/Variance definitions [23] shows that no definition satisfies all properties that 

would ideally be expected for 0/1 loss function.  In particular, it is shown that it is impossible for a single 

definition to satisfy both: 

1) zero Bias and Variance for Bayes classifier 

2) additive Bias and Variance  decomposition of error (as in regression theory) 

Secondly, as the authors of the various Bias/Variance definitions state, the effect of bias and variance on 

error rate cannot be guaranteed. It is easy to think of example probability distributions for which bias and 

variance are constant but error rate changes with distribution, or for which reduction in variance leads to 

increase in error rate [23] [25]. Besides these two theoretical difficulties, there is the additional 
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consideration that for real problems the Bayes classification needs to be known or estimated. Although 

some definitions, for example [24], do not require this, the consequence is that the Bayes error is ignored. 

 

In our experiments, we use Breiman’s definition [25] which is based on defining Variance as the 

component of classification error that is eliminated by aggregation. Patterns are divided into two sets, the 

Bias set B containing patterns for which the Bayes classification disagrees with the aggregate classifier and 

the Unbias set U containing the remainder. Bias is computed using B patterns and Variance is computed 

using U patterns, but both Bias and Variance are defined as the difference between the probabilities that the 

Bayes and base classifier predict the correct class label. Therefore, the reducible error (what we have 

control over) with respect to a pattern is either assigned to Bias or Variance, an assumption that has been 

criticised [23]. However, this definition has the nice property that the error of the base classifiers can be 

decomposed into additive components of Bayes error, Bias and Variance.  

3.3 Diversity Measures 

Although it is recognised in classifier combination that a diverse ensemble has better potential for improved 

accuracy, the notion of diversity is not well defined. Various approaches to measuring diversity, and to 

determining the relationship between diversity and accuracy, have been proposed. Pair-wise measures 

depend on the following four counts c1-c4, and are defined with respect to the number of patterns for which 

a classifier pair (A, B): 

 

c1:  A and B both correct   11|1 or 00|0 

c2:  A and B both misclassified  11|0 or 00|1   

c3:  A correct and B  misclassified  10|1 or 01|0 

c4:  B correct and A  misclassified  10|0 or 01|1 

  

The Double Fault Measure is just c4, and the Disagreement Measure is  c2 + c3, while the Q statistic and 

Correlation Coefficient are more complex functions of these counts [26]. In order to apply pair-wise 

measures to finding overall diversity of a set of classifiers it is necessary to average over the set. Non-pair-

where ab|ω denotes by a, b  
the  classifier decisions 
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wise measures attempt to measure diversity of a set of classifiers directly, based on variance, entropy or 

based on proportion of classifiers that fail on randomly selected patterns. The main difficulty with diversity 

measures is the so-called accuracy-diversity dilemma. As explained in [26], as the classifiers approach the 

highest levels of accuracy, diversity must decrease. Therefore, it is expected that there will be a trade-off 

between diversity and accuracy, and an accuracy-diversity diagram is a useful way of visualising the 

relationship. However, there has been no convincing theory or experimental study to suggest that any of the 

measures provides a good predictor of generalisation error of an ensemble. 

4. Experimental Evidence 

Natural two-class benchmark problems  have been selected from [27] and [28], and the experiments use 

random 50/50 or 20/80 training/testing splits. The artificial data is from [25], and uses 300 training patterns 

and 3000 test patterns. 

 

All experiments are performed with one hundred  single hidden-layer MLPs serving as base classifiers. To 

minimise the number of parameters to vary, we choose the Levenberg-Marquardt training algorithm with 

default parameters. While all the parameters of the base classifier MLPs are fixed at the same values, we 

systematically vary the numbers of hidden nodes and training epochs for different runs of the MCS. Unless 

otherwise specified, number of nodes varies from 2-16 [2,4,8,16] and number of epochs from 1-32 

[1,2,4,8,16,32]. Each node-epoch combination is repeated twenty times for Diabetes and ten times for all 

other datasets.  In the experiments described here, random perturbation is caused by different starting 

weights on each run. The architecture is simple, with parallel base classifiers and outputs combined by 

majority vote.  

 

For Diabetes 50/50, we have produced a set of curves shown in Figure 4 to Figure 9. The Diabetes dataset 

is known to over-fit and perform poorly with Boosting and other methods [5] [22]. Figure 4 shows the 

majority vote and base classifier error rates for training and testing.   Figure 4 (a) compared with Figure 4 

(c) demonstrates that over-training of the majority vote classifier begins at 4 epochs for 4, 8 and 16 nodes. 

Similarly Figure 4 (b) and (d) show that over-fitting of the base classifier begins at 8 epochs for 8 and 16 

nodes.  
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Margin distributions (0 ≤ Margin  ≤ 1), defined in Section 3.1, are shown in Figure 5, but with 1 and 2 

epoch curves not shown for clarity. It may be noted that the majority vote training error rate (Figure 4  (c)) 

can be derived directly from the zero Margin intercepts in Figure 5. From Figure 5, it can also be seen that 

as the number of epochs increases the curve moves to the right, which was interpreted in [20] as indicating 

more confident classification. The σT distributions (0 ≤ σT   ≤ 1),  are shown in Figure 6 and demonstrate 

that, for 16 and 32 epochs, 8 and 16 nodes the curve does not necessarily move to the right. To quantify this 

curve movement, Figure 7 (d) and Figure 7 (a) show the area under Margin and σT distributions. Similarly, 

Figure 7 (b)  (c) show σT distribution plotted as area under curve for  ( -0.1  ≤ σT   ≤  0.1) and for  

 (-1  ≤ σT   ≤  0). Figure 7 (b) represents a robust measure for the number of patterns with negative σT (used 

in [29] for partitioning the training set). Comparison of Figure 7 and Figure 4 (b) suggests that area under 

σT distributions may be correlated with base classifier test error rate. 

 

Figure 8 shows Bias and Variance (Breiman definition section 3.2) calculated on the test set. Since we 

need to know the Bayes classification to compute Bias and Variance, we make the optimistic assumption 

that the lowest majority vote test error rate (for this problem 2 nodes at 8 epochs) corresponds to Bayes 

classification. Hence, the Bias in Figure 8 (a) is 0 percent at 2 nodes, 8 epochs. Furthermore the 

decomposition of Bias and Variance means that Figure 4 (b), the base classifier error rate, can be found by 

adding together the estimated Bayes rate (twenty-three percent), Figure 8 (a) and Figure 8 (b). 

(Decomposition is not exact due to our assumption for estimating Bayes classification).  

 

To appreciate the significance of the results, Figure 9 shows the standard deviation of area under σT 

distributions and the number (%) of significant differences of majority vote (McNemar 5%) with respect to 

best majority vote error rate (2 nodes at 8 epochs). 

 

In Figure 10 to Error! Reference source not found., selected graphs are provided for Diabetes 20/80, 

Cancer 50/50 and 20/80. In each figure is shown, for varying number of epochs and nodes, the base 
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classifier and majority vote error on test set (a, b), test set Bias and Variance (c,d), and training set Margin 

and σT distributions (e, f). Similar curves were also produced for Ion 20/80, Heart 50/50 and 20/80, Vote 

50/50, Credita 50/50., card 50/50 and 20/80, ringnorm, threenorm, twonorm. The 20/80 datasets generally 

showed similar performance to respective 50/50 datasets  but with over-fitting occurring at lower number 

of epochs. In 50/50 and 20/80 datasets, the majority vote test error over-fitted at a lower number of epochs 

compared with base classifier error. 

 

Results for Twonorm are shown in Figure 13. Bias and Variance calculations use the true Bayes 

classification, since it can be accurately determined by simulation The Bayes rate for the this problem is 

2.3%.  

 

The correlation coefficients between area under σT distribution (0 ≤ σT   ≤ 1) and test errors (base classifier 

and majority vote) are given in  Table 2, Table 3 and Table 4  for 50/50, 20/80 and artificial datasets 

respectively. To compare across different datasets, the correlation with respect to epochs is performed with 

the number of nodes set to the value that gave minimum majority vote test error rate. From  Table 2, Table 

3 and Table 4 it can be seen that area under σT distribution (0 ≤ σT   ≤ 1) is well correlated with base 

classifier test error. 

 

5. Conclusion 
In this paper only two class classification problems are considered. A method for extending the technique 

to multi-class problems would be to incorporate the Output Coding method [30]. Indeed, the error-

correcting principle behind Error-Correcting Output Coding is similar to the ideas proposed here [14]. 

 

Although computation of spectral coefficients for completely specified Boolean functions was studied over 

thirty years ago, the techniques need to be modified if they are to be applied to the MCS framework. We 

propose a representation that enables spectral coefficients to be separated into excitatory and inhibitory 

components, and that facilitates a simple assumption for handling incompletely specified, noisy and 

contradictory functions. We also define a pattern measure based on first order spectral contributions that is 
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intended to reflect the contribution of a pattern to the separability of a dataset. Experimental evidence 

suggests that the proposed measure is correlated with base classifier test error as number of training epochs 

is varied. The conclusion is that further investigation is warranted into the use of spectral techniques for 

MCS.  

 
 
 
 
Appendix: Sensitivity, Separability and k-monotonicity 

The following analysis of a feedforward network is based on the ideas of [31] and [32]. A thorough 

understanding requires some background in test generation of logical faults, explained in [33]. 

 

Consider the graph representation of a feedforward network of logic functions. We can assign binary values 

to inputs and propagate these values to all network lines by conventional logic simulation. Now assume that 

we want to determine the effects of changing the binary value of a single line in the network, which we call 

injecting a transition. To inject a binaryv/v transition,  on line λ having logic value v  in a given network  

N, we first copy N to N⊕ . We then make a cut at λ in N⊕  and change the value from v to v, treating the 

point of cut as a pseudo-input thus pruning the branch and ignoring the subtree that feeds the branch. The 

changed value at λ in N⊕  will usually lead to other changes in logic values between λ and network output. 

Binary transitions can be traced by specifying a suitable formalism that compares logic values of 

corresponding nodes in N and N⊕.  

Now the Boolean difference [33] of function f(ξ1, ξ2... ξn) w.r.t. input ξi is given by  

df(X)/dξi   =    f(ξ1,...,ξi,...ξn) ⊕ f(ξ1,...,ξi,...ξn)    (⊕ = xor) 

From df(X)/dξi we can find all input patterns for which f changes value in response to binary transition on 

ξi, given by the union of two sets 

{X : ξi df(X)/dξi = 1} ∪ {X : ξi df(X)/dξi = 1}   
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In fact, this union holds for hidden node h if  ξi  is replaced by h(X) and f(X) by f(X,h). Note that by 

deriving network N⊕ from N we facilitate computation of df(X)/dξi  without unwieldy manipulations 

normally associated with rules of Boolean Difference algebra. 

 

We call a logic value v sensitive (insensitive) iff the injected v/v transition is (is not) propagated to 

network output. To each logic value (ξ) we attach another binary value that indicates sensitivity (σ). For 

f(X)  each input ξj  (j = 1,...,n) has associated sensitivity σj and for convenience, we write the jth component 

as ξ σ
j

j . We can find ξ σ
j

j  from a truth table by comparing input patterns that are unit Hamming Distance 

(HD) apart, and setting σj = 1 if target response differs and σj = 0 otherwise (as specified in equation (3), 

Section 2.2). Note that for a completely specified Boolean function (all 2b rows of the truth table) this rule 

for finding σj, for all j and over all patterns represents the first stage of logic minimisation such as Quine-

McCluskey tabular method [34], and is identical in terms of complexity.  

 

A discussion of k-monotonicity as necessary and increasingly sufficient conditions for separability is given 

in [35]. To understand monotonicity of a Boolean function, consider the following definitions pertaining to 

n-dimensional functions f(X) and g(X) adapted from [35]: 

f implies g, f ⊆ g if any X  satisfying f(X)=1 also satisfies g(X)=1, but not necessarily conversely. 

f is k-comparable if either fA ⊆ fA or fA ⊇ fA holds for each k-assignment A, where k-assignment is 

an assignment of binary values to k out of n variables 

f is m-monotonic if f is k-comparable for every k such that 1≤ ≤k m . If m = 1, f is unate. If m = 

n, f is completely monotonic, a necessary but not sufficient(unless n ≤ 8) condition for linear 

separability. 

f is m-summable for a given m, if for some k, such that 2 ≤ k ≤ m, there exist two sets {a(j) |f (a(j)) = 

1} and {b(j) |f (b(j)) = 0}, such that the vector summation (repetition allowed) a b( ) ( )j

j

k
j

j

k

= =
∑ ∑=

1 1

 

holds. 
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f is m-asummable if f is not m-summable. If f is not m-summable for any m ≥ 2, f is asummable, a 

sufficient and necessary condition for separability 

This classification shows that the linearly separable class constitutes the most restrictive of a number of 

classes of Boolean functions. Between this and the unrestricted class of 22n

 Boolean functions, are the 1-

monotonic, 2-monotonic, higher monotonic, completely monotonic (2-asummable) [8]. Thus, there are 

degrees of non-separability for which appropriate checks provide necessary and increasingly restrictive 

conditions for a data set to be separable. If f(X) is linearly separable and n-dimensional, it can be 

implemented by a single TLU with weights wi  (i = 1 ... n). 

Necessary and sufficient checks on  f(X) for k-monotonicity,  k = 1 and k ≥ 2 are as follows: 

1-monotonic check:  

If any two patterns Xp, Xq can be found such that for the ith component: 

        ξpi = ξqi , σpi = σqi = 1    (a1) 

 f(X)  is not 1-monotonic since 1-assignment A = { ξpi → 1}  shows it is not 1-comparable. It implies 

that it is not possible to implement with a single TLU since the requirement is for weight wi to be 

both excitatory and inhibitory. 

2-monotonic check.  

If a single pattern Xp  can be found such that for ith and jth components: 

  ξi = ξj = f(Xp), σi =1, σj = 0       (a2) 

 then  fA ⊃ fA and the 2-assignment A = { ξpi → 1, ξpj → 0}  implies wi > wj. A similar check for wi 

< wj  exists if  ξi = ξj = f(Xp),   

k-monotonic check,  k ≥ 2 

Since the weight constraint relationship is transitive [35] we can use weight ordering to check k-

monotonicity, k ≥ 2. 

Examples A1 and A2 show, for two separable functions, how to count spectral contributions and check 1-

monotonicity (see [18] for examples of non-separable functions that are checked for complete monotonicity 

and implemented using layers of TLUs). 
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Example A2: A separable Boolean function 

  f(X) = ξ1ξ2 + ξ1ξ3 + ξ2ξ3ξ4  
 
By applying equation (3) to the truth  table, or by looking at Karnaugh map representation in  Figure 3 :   
 

j
X

σ∑ +  / j
X

σ∑ −    (j = 1,2,3,4)  =  [10/0,6/0,6/0,2/0]. The function is 1-monotonic from (a1). 

Example A1: Two-input NAND      f(X) = ξ1 + ξ2  
 
1 2 Target 
 10   10 -1 
-10    11 -1 
 11   -10 -1 

-11   -11  1 

The table shows the result of applying equation (3). Note that a 1/-1 or -1/1 transition on one input is 
propagated to the output if and only if the other input is -1. 

j
X

σ∑ +  ⁄ j
X

σ∑ −  {j = 1,2} =  [0/2,0/2]. The function is 1-monotonic from (a1).  
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Figure 1: Matrix multiplication to calculate spectral coefficients in Example 1 

 
 
       s1          s2           s3 

















−++
+−−
+++

011

111

011

111

111

111

   

Figure 2: Class 1 patterns in {+1,-1} coding after applying equation (3) in Example 1 

 
 
 
 
 
     ξ1ξ2 
   ξ3ξ4 

 11 1-1 -1-1 -11 

11    -1  

1-1    -1  

-1-1   -1 - 1  -1 

-11   - 1  -1 

 

 

Figure 3: Karnaugh Map representation for Example A2 showing σ  as double-headed arrows 

      Tn     Y =  S 
 
 1  1  1  1  1  1  1  1    1  -2 s0 
 1 -1  1 -1  1 -1  1 -1  -1  +2 s1 
 1  1 -1 -1  1  1 -1 -1  -1  +2 s2 
 1 -1 -1  1  1 -1 -1  1   1 = +6 s12   
 1  1  1  1 -1 -1 -1 -1   1  +2 s3 
 1 -1  1 -1 -1  1 -1  1  -1  -2 s13 
 1  1 -1 -1 -1 -1  1  1  -1  -2 s23 
 1 -1 -1  1 -1  1  1 -1  -1  +2 s123 
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Figure 4: Base classifier and Majority Vote training and testing error rates, Diabetes 50/50 for 1-32 
epochs, 2-16 nodes 
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Figure 5: Margin distributions  (0 ≤ Margin ≤ 1), Diabetes 50/50 for 4-32 epochs, 2-16 nodes 
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Figure 6: σT Distributions (0.01 ≤ σT ≤ 1) as number of nodes and epochs is varied,  Diabetes 50/50 
training/testing  
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Figure 7: Area under various distributions, Diabetes 50/50 for 1-32 epochs, 2-16 nodes 
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Figure 8: Bias and Variance, Diabetes 50/50 for 1-32 epochs, 2-16 nodes 
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Figure 9: Standard deviations of area under σT distribution and percentage significant differences of 
Majority vote compared to best error rate, Diabetes 50/50 for 1-32 epochs, 2-16 nodes 
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Figure 10: Diabetes 20/80 for 1-32 epochs, 2-16 nodes 
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Figure 11: Cancer 50/50 for 1-32 epochs, 2-16 nodes 
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Figure 13: Twonorm 300 training patterns for 1-32 epochs, 2-16 nodes 
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1 2 3 class 
 1  1  1  1 
-1  1  1 -1 
 1 -1  1 -1 
-1 -1  1  1 
 1  1 -1  1 
-1  1 -1 -1 
 1 -1 -1 -1 
-1 -1 -1 -1 

Table 1: Truth table for Example 1 

 
 
 
 
 
Dataset Maj. Vote 

(-0.1 ≤ σT   ≤ 0.1), 
Base Classifier 

(-0.1 ≤ σT   ≤ 0.1), 
Maj. Vote 

(0 ≤ σT   ≤ 1) 
Base Classifier 
(0 ≤ σT   ≤ 1) 

Diabetes 0.96 0.99 0.96 0.99 
Cancer 0.95 0.86 0.86 0.93 
Vote 0.44 0.18 0.60 0.85 
Credita 0.30 0.21 0.78 0.97 
Heart 0.43 0.44 0.84 0.97 
Card 0.38 0.24 0.83 0.91 
(Mean) 0.58 0.49 0.81 0.94 

Table 2: Correlation coefficient between area under σT distribution  (-0.1 ≤ σT   ≤ 0.1),   (0 ≤ σT   ≤ 1) 
and test error rate as number of epochs is varied for 50/50 Training/Testing Natural Data 
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Dataset Maj. Vote 

(-0.1 ≤ σT   ≤ 0.1), 
Base Classifier 

(-0.1 ≤ σT   ≤ 0.1), 
Maj. Vote 

(0 ≤ σT   ≤ 1) 
Base Classifier 
(0 ≤ σT   ≤ 1) 

Diabetes 0.94 0.97 0.97 0.99 
Cancer 0.91 0.81 0.76 0.95 
Ion -0.08 -0.15 0.91 0.94 
Heart 0.49 0.05 0.55 0.82 
Card 0.17 -0.10 0.67 0.79 
(Mean) 0.49 0.32 0.77 0.90 

Table 3: Correlation coefficient between area under σT distribution  (-0.1 ≤ σT   ≤ 0.1),   (0 ≤ σT   ≤ 1) 
and test error rate as number of epochs is varied for 20/80 Training/Testing Natural Data 

 
 
 
 
 
 
Dataset Maj. Vote 

(-0.1 ≤ σT   ≤ 0.1), 
Base Classifier 

(-0.1 ≤ σT   ≤ 0.1), 
Maj. Vote 

(0 ≤ σT   ≤ 1) 
Base Classifier 
(0 ≤ σT   ≤ 1) 

Ringnorm 0.30 -0.11 0.81 0.92 
Threenorm 0.41 0.45 0.85 0.86 
Twonorm 0.93 0.61 0.21 0.89 
(Mean) 0.55 0.32 0.62 0.89 

Table 4: Correlation coefficient between area under σT distribution  (-0.1 ≤ σT   ≤ 0.1),   (0 ≤ σT   ≤ 1) 
and test error rate as number of epochs is varied for 300/3000 Training/Testing patterns Artificial 
Data 
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Figure Captions 
 
Figure 1: Matrix multiplication to calculate spectral coefficients in Example 1 
 
Figure 2: Class 1 patterns after applying equation (3) in Example 1 
 
Figure 3: Karnaugh Map representation for Example A2 showing σ  as double-headed arrows 
 
Figure 4: Base classifier and Majority Vote training and testing error rates, Diabetes 50/50 for 1-32 
epochs, 2-16 nodes 
 
Figure 5: Margin distributions  (0 ≤ Margin ≤ 1), Diabetes 50/50 for 4-32 epochs, 2-16 nodes 
 
Figure 6: σT Distributions (0.01 ≤ σT ≤ 1) as number of nodes and epochs is varied,  Diabetes 50/50 
training/testing  
 
Figure 7 Area under various distributions, Diabetes 50/50 for 1-32 epochs, 2-16 nodes 
 
Figure 8: Bias and Variance, Diabetes 50/50 for 1-32 epochs, 2-16 nodes 
 
Figure 9 Standard deviations of area under σT distribution and percentage significant differences of 
Majority vote compared to best error rate, Diabetes 50/50 for 1-32 epochs, 2-16 nodes 
 
Figure 10: Diabetes 20/80 for 1-32 epochs, 2-16 nodes 
 
Figure 11 Cancer 50/50 for 1-32 epochs, 2-16 nodes 
 
Figure 12: Twonorm 300 training patterns for 1-32 epochs, 2-16 nodes 
 
 

   
   
 
 


