Grad operator, triple and line integrals

Notice: this material must not be used as a substitute for attending
the lectures




0.1 The grad operator V

Let f(z1,x9,...,2,) be a function of the n variables 1, xo,...,2,. The grad of f,
written grad f or V f is defined by

_(of of af
vi= (axl’axz’“"axn)'

Often we are working in 3 dimensions, so the grad of f would be

Vf:<af of 8f> o Ofi 0f. Of

Also recall the notation we use in 3d: r = (z,y,z) or zi + yj + zk is the position
vector of a point, r (also denoted |r|) is the length of the vector r and is given by

r =22+ y? + 22 in 3d.

0.2 Example
If f(x,y) = 2* + y* then
_(9f 9F) _
0.3 Example
If f(x,y,2) = 2zy — 32? then

Vf:<8f of of

871" aiy’ 82) = (2y, 2:E, —62)

0.4 Example

Show that Vr = %r, where r = (z,y, 2) and r = /2?2 + y? + 22
Solution. From the definition of the grad, we have

U (87“ or ('97")

ox’ Ay’ 0z
Now P 5
or _ 9 2 2 2\1/2 _ 1.2 2 2\—1/2 _ T
= @y ) = b g+ )2 =
Similarly g—; = ¥ and % = 2. Hence
1 1
Vr = (x’y7z> =—(z,y,2) = -r
roror r r



0.5 Properties of the grad operator
V(f+9)=Vf+Vy
V(af) = aVf if a is constant

V(fg) = fVg+gVf
V- fV
v(g):g fg Vg

We will not prove all of the above properties here, only the third rule (the product
rule for the grad operator). We have

(3(fg) d(fg) 0(fg)>
ox = Oy = Oz

V(fg)

<fa . gfag+ gfag+ 8f>
0 90z
(21
Ox’ Oy’ 0z ox’ dy’ 0z
= [Vg+gV/.

0.6 Gradient as normal to a surface

The general form of the equation of a surface is f(x,y, z) = 0. (Often a surface will
come to us in the form z = g(z,y), but we can always write this as g(z,y) — z = 0.)
Fact: V [ is perpendicular (normal) to the surface f(z,y,z) = 0 at every point.
Proof. Let P be a typical point on the surface f(x,y,2) = 0. Let C be any curve
lying in the surface and passing through P. Assume this curve has been parametrised
so that it is given by r(t) = (z(t), y(¢), 2(t)) for some parameter t. Since C lies in the
surface,
fz(t),y(t), 2(t)) = 0
Differentiating with respect to t using the chain rule for partial derivatives gives
Ofde  Ofdy  0fdz
dx dt ' dydt Oz dt

0f Of Of\ (dx dy d=) _
ox’ Oy’ 0z dt’dt’dt)

=Vf =dr/dt

=0

i.e.

Hence V f is perpendicular to dr/dt.
However, dr/dt is tangent to C', because

dr lim r(t+h)— r(t).

dt  h—0 h
Hence V f is perpendicular to the curve C' at the point P. All this is true for any
curve C passing through P. Hence V f is perpendicular to the surface at P and the
proof is complete.




0.7 Example

Find a unit normal to the surface z = 2% + 2.
Solution. First write the surface in the form 22 + y? — 2 = 0, i.e. f(z,y,2) =0
where in this case f(z,y, z) = 22 + y? — 2. By the above theory, the vector

Vf=(2x2y,—1)

is normal to the surface.
This example asks for a unit normal so we must divide the above vector by its
length. A unit normal n is then given by

Vf ey
VSl VAT F Ayt

0.8 Tangent plane to a surface

In two dimensions we can find the equation of the tangent line to a curve at any point
using A-Level methods.

In three dimensions the analogous concept is the tangent plane. At any point
on a (smooth) surface there will be a plane which is tangent to the surface at that
point. We want to know how to find the equation of the tangent plane, and the next
example illustrates how to do so.

0.9 Example (tangent plane)

Find the equation of the tangent plane to the surface xy + yz + zx = 11 at the point
(1,2,3).
Solution. Recall that the equation of a plane is

(r—a)-n=0

where a is the position vector of some point in the plane, and n is a normal to the
plane. We can find a suitable normal n by using the ideas just recently discussed,
i.e. we write the surface in the form f(z,y,2) = 0 where, in this case, f(z,y,z) =
xy +yz+ zx — 11. Then

Vi=Wy+zz+zy+x)

Thus, at (1,2,3),
Vi=(543)

so a normal is n = (5,4, 3). So the tangent plane has equation (r —a)-n =0, i.e.

((z,y,2) — (1,2,3)) - (5,4,3) = 0
(x—1,y—2,2-3)-(5,4,3) = 0

so that 5(x — 1)+ 4(y — 2) + 3(z — 3) = 0. Thus, the equation of the tangent plane is

or + 4y + 3z = 22.



0.10 Example

Find the equation of the tangent plane to the surface zyz = a® at the point (a,a, a).
Solution. The surface has equation f(z,y,z) = 0 where f(x,y,2) = zyz —a>. We
want a normal to the surface at the point (a,a,a). Such a normal is

~(of af of
Vi = (aaya>
= (yz,zz, 1Y)

(a®,a* a*®) at the given point.

The equation of the tangent plane is (r —a)-n = 0 with a = (a,a,a) and n =

(a?,a?, a*) which simplifies to

r+y+z=3a.

1 Method of Lagrange multipliers

The method of Lagrange multipliers is for the finding the maximum or minimum of
a function f(x) subject to a side constraint of the form g(x) = 0.
To find such critical points, we form the equation

Vf=AVg

in which A is called a Lagrange multiplier. The above equation is a vector equation,
so we can compare components. The resulting equations are then solved together
with g(x) = 0 to find x and A. In the general setting x is an n-dimensional vector,
so we have n + 1 equations for n 4+ 1 unknowns. So, in principle, the problem can be
solved. How to do so in practice is highly problem-specific.

1.1 Example

Maximise f(z,y, z) = xyz subject to 23 +¢y* + 23 = 1.
Solution. We can write the constraint in the form g(x,y,z) = 0 by taking
g(z,y,2) =2 +y> + 23 — 1. Now

Vf=(yz,rz,7y) and Vg = (322 3y% 32%)
so the equation V f = AVg becomes
(y2, 22, 2y) = 3A(2*, %, 2°).

Comparing components gives

yz = 3\x?
rz = 3y
vy = 3\2°



If we multiply the first of these equations by x, the second by y and the third by z
we find that 3\z3 = 3\y® = 323 and so, for this problem, z = y = z. Therefore, the
equation 2° + 33 + 2% = 1 becomes 32° = 1. So # = y = 2z = (1/3)/3. Therefore the
maximum value of the function subject to the given constraint is

e == (') €)' -3

1.2 Example

Find the points on the sphere 22 + 3% + 22 = 36 that are closest to and furthest from
the point (1,2,2).
Solution. The distance of any point (x,y, z) to (1,2,2) is given by

d=\/(z =1 +(y = 2% + (= - 2)?

Minimising or maximising this is equivalent to minimising or maximising its square.
So, we want to minimise/maximise the function

f(xayaz) = ($_1>2+(y_2)2+<2_2)2

subject to 22 + y* + 22 = 36. The latter is our constraint and so we take g(z,y,2) =
22 + 9% + 2% — 36. Now

VI = (2x-1),2(y —2),2(z — 2))
Vg = (22,2y,22)

so the equation V f = AVg becomes, on equating components,
2@ —1) =2z, 2(y—2)=2\y, 2(z—2)=2)\z

giving
1 2 2
Tr = P y = — z = —.

1—A 1-X 1—A
Putting these expressions into 2% + 3% + 22 = 36 gives

1 4 4

T ERN (I VERN T e

so that %% = (1 —X)% Hence 1 — A = +1 giving A = 3 or 1.
A =3 gives (7,y,2) = (-2, —4, —4), this is the furthest point.
A =3 gives (2,y,2) = (2,4,4) which is the nearest point. (NB: a diagram shows

us which point is nearest/furthest).



1.3 Example

Fermat, in 1661, stated that light always travels along the path that minimises the
time taken for the journey. The velocity of light depends on the medium it is travelling
through. So the optimum path is not necessarily a straight line.

Medium 1 is located above medium 2, the two being separated by a horizontal
straight line. In medium 1 light travels with speed v, while in medium 2 it travels
with speed V. A light source is located in medium 1, and an observer in medium 2
a horizontal distance L to the right of the source. A light ray travels from source to
observer along the path which minimises time taken, which consists of two straight
line paths that meet at the interface. The path in medium 1 makes an angle o with
the vertical, that in medium 2 makes an angle 3 with the vertical. We want to find
the relationship between v and /.

We shall do this using the method of Lagrange multipliers. We shall calculate an
expression for the time taken for the ray of light to get from source to observer, and
then minimise this expression with o and (3 as the variables. Now

. . dist asec o
time from source to interface = =
speed v
and dist bsec 3
is sec
time from interface to observer = =
speed V

Therefore the total time taken by the ray of light is f(«, 3) where

aseca  bsecf

f(avﬁ)_ v \%

Also, a diagram shows that

L =atana + btan 5.

So our constraint is g(a, f) = 0 where g(a, ) = atana + btan § — L. Applying the
method of Lagrange multipliers, the equation V f = A\Vg becomes

v

b
(a sec o tan a, 7 5e¢ [ tan ﬁ) = Masec® a, bsec? 3)

comparing components,

tan o tan
= Aseca, J:)\secﬁ
v V
ie. ) g
sin a sin
= A, and =A
v V
So . . .
sina sinf3 sina v

or

v V sinf v
This is called Snell’s Law. It can be solved simultaneously with L = atan a + btan 8
to find v and (3.




2 Cylindrical and spherical polar coordinates

Recall that in two dimensions, polar coordinates give us a way of describing the
position of a point in the (z,y) plane. We describe the position by its distance r to
the origin and the angle 6 that the point makes with the positive x-axis, measured
anticlockwise. From elementary trigonometry we have the following relations between
a point’s cartesian coordinates (z,y) and its polar coordinates (r,0):

xr=rcosf, y=rsinf.

This section is about polar coordinates in three dimensional space. In three dimen-
sions there are two different polar coordinate systems. These are: cylindrical polars
and spherical polars. It is important not to confuse the two as they are quite separate
systems and the meanings of the variables in the two systems are different.

2.1 Cylindrical polars (7,0, 2)

In this system the position of a point is described by the three coordinates (r, 6, z),
in which r and # have the same meaning as in plane polars and describe the location
of the point’s projection onto the (z,y) plane, while z is the point’s cartesian z coor-
dinate. In cylindrical polars the relationship between a points cartesian coordinates
(x,y, z) and its cylindrical polar coordinates (7,0, z) is given by

r=rcosf, y=rsinf, z==z

Cylindrical polars are commonly used in practical problems where there is cylindrical
symmetry, for example, fluid flow problems in pipes of circular cross-section.

2.2 Spherical polars (r, 0, ¢)

In this system the position of a point is described by: its distance r to the origin, its
angle 6 measured from the positive z axis, and the angle ¢ that its projection onto
the (z,y) plane makes with the positive x-axis.

Simple trigonometry shows that the relationship between a point’s cartesian co-
ordinates (z,y, z) and its spherical polar coordinates (7,0, ¢) is given by

x = rsinfcos ¢
y =rsinfsin ¢ (2.1)
z=rcost

Some books write § and ¢ the other way round, which can be a source of confusion.
One has to adopt a convention and stick to it.

Note that 6 and ¢ are essentially latitude and longitude. Applications of the
spherical polar coordinate system include aircraft navigation and the cataloguing of
celestial objects like stars and galaxies. In the latter context 6§ and ¢ are called
declination and right ascension.



Note the following useful fact which follows from the above three equations:

2

22 + 9?4+ 22 =1 in spherical polars.

Note also this result does not hold in cylindrical polars.
Various surfaces have equations both in cartesian coordinates and in cylindrical
or spherical polars. The following examples illustrate this.

2.3 Example

Let us write the cylinder (z — 2)% + y* = 4 in terms of cylindrical polar coordinates.
First we expand out to get 22 — 4z + 4 + y? = 4. In cylindrical polars x = r cos 6
and y = rsin@. Inserting these expressions gives

r2cos?0 — 4rcosh + 4 + r?sin?6 = 4

Simplifying this gives r = 4 cos 6.

2.4 Example

The cartesian equation of a sphere of radius R centred at the origin is
?+y*+ 2 =R
Recall that in spherical polars 2% + y? + 22 = r%.
equation of the sphere is simply r = R.
Let’s look next at the sphere of radius R centred at the point (0,0, a) rather than
the origin. Its cartesian equation would be

Therefore in spherical polars the

2 +y* + (2 —a)’ = R?
Let’s convert this to spherical polars. Expanding out,
2? + 9% + 2% — 20z + a® = R
Using (2.1), this becomes r* — 2ar cos + a®> = R? which is the sphere’s equation in
spherical polars.
3 'Triple integrals

Triple integrals are integrals of the form

///‘/f(x>yﬂz)d$dydz

in which V' is a subset of three dimensional space. An important particular case is:

volume of a 3-d object = /// dx dy dz
object



Such an integral is worked out similarly to the method for working out a double
integral (i.e. start from the inside and work out). However it is often advantageous to
make a substitution. As for double integrals, which substitution to use will depend as
much on the region of integration V' as on the integrand f(x,y, z). Changing variables
in a triple integral is like changing variables in a double integral and involves working
out the Jacobian (it will be a 3 x 3 determinant this time) and working out the
limits of integration.
If we change the variables z, ¥ and z to new variables u, v and w defined by

r=z(u,v,w), y=yluv,w), z=zu,v,w),

then the Jacobian J is defined by

J=| %

ou Ov Ow

<
ESSSS
oF

we

We find the modulus |J| of the Jacobian J. It is then an important fact that
dx dydz = |J|dudvdw

Thus after making the substitution the integral becomes

///V flz,y,2)dedydz = ///newnmits flz(u,v,w), y(u, v, w), z(u, v, w)) |J| dudv dw

In situations where the region of integration V' is a cylinder or a sphere (or part
thereof) it is common to transform into the appropriate polar coordinate system. Let
us, therefore, calculate the Jacobian J for cylindrical polars and for spherical polars.

3.1 Jacobian in cylindrical polars (7,6, z)

Recall that, in cylindrical polars, x = rcosf, y = rsinf, z = z. Therefore the
Jacobian J is given by

& oE cos@ —rsinf 0

oz
37 0 gz )

J = 3—3{ —g g—z =|sinf rcosf 0
5 5 o 0 0 1

which gives:

-
I
-

in cylindrical polars

3.2 Jacobian in spherical polars (r, 6, ¢)

In spherical polars,

x=rsinfcos¢, y=rsinfsing, =z =rcosb.

10



Therefore in this coordinate system the Jacobian J is given by

or 00 06

J = | % % 9
or 00 0o

0z 0z 0z

or 00 06

sinfcos¢ rcosfcos¢p —rsinfsing
= | sinfsin¢g rcosfsing rsinfcos@
cos —7rsinf 0

= sinf cos ¢(r? sin? @ cos ¢) — r cos # cos ¢(—r sin 6 cos O cos ¢)
— 7 sin @ sin ¢(—r sin® 0 sin ¢ — r cos? O sin ¢)

= 7r?sinf {s.in2 0 cos® ¢ + cos® f cos® ¢ + sin” (b}

= r%sinf(cos® ¢ + sin’ ¢)

= r?sind

We have shown that
J =r%sinf in spherical polars

3.3 Example

Find the volume of a sphere of radius a.
Solution. Let’s take the sphere to be centred at the origin. In terms of spherical
polar coordinates (7,6, ¢), the sphere is then described by

0<r<a, 0<6<m 0<¢<2m.

The volume of the sphere is given by

volume = / / / dx dydz. Now switch to spherical polars
sphere

21w T ra
- / //r2sin9drd9d¢
o Jo Jo T~

Jacobian

CZ3 2 pmw
- 2 / / sin 0 d6 dé
0 0
2a® 2

e
30¢

3.4 Example

Evaluate
/// (y? + 23 dV [NB: dV means dx dy dz]
1%

where V' is the cylinder of radius a whose axis lies along the z-axis, occupying the
portion 0 < z < h of the z-axis.

11



Solution. Switch to cylindrical polars = rcosf, y = rsinf, z = z. The given
cylinder V' is then described by

0<r<a, 0<0<27r, 0<z<h

and we have

h 27 ra
2 2 _ 2 2 2
///V(y 2 AV = /0/0 /O(r sin?@ + 22) r dr df dz
h r27 ra h r27 ra
_ // /r3sm29drd9dz+// /rz2drd9dz
0 0 0 0 0 0

CL4 h 27r1 1 CL2 h 2w 9
= Z/o/o (5—500829)619(124—?/0/0 z*df dz

what N wa’h3
4 3

3.5 Example (volume of ellipsoid)

Let’s find the volume of the ellipsoid
22 g2 22

// dx dy dz
v

where in this case V' consists of all points (z,y, z) which make up the ellipsoid.
The problem is simplified by the transformation

The volume is equal to

r=au, y=bv, z = cw

under which the equation of the ellipse transforms into u? + v? + w? = 1. So the
ellipsoid V' manifests itself in the (u, v, w) variables as a sphere of radius 1.
The Jacobian of the transformation is

_ y OJy Oy
R
ou Ov Ow
a 0 0
= (0 b O
0 0 ¢
= abc

Therefore

volume = // dx dy dz
v

Jacobian

A~
= /// abc  dudv dw = abe /// du dv dw
{u?+v2+w2<1} {u2+v2+w2<1}

4
= abc (volume of sphere of radius 1) = gﬂabc.

12



3.6 Example

Find the volume of the solid common to the two spheres given in terms of spherical
polar coordinates by r = 2 and r = 2v/2 cos 6.

Solution. The sphere r = 2 is centred at the origin and has radius 2.

The other sphere r = 2v/2cos# is centred at the point (z,v,z) = (0,0,v/2) and
has radius v/2 (to see this compare with the second part of Example 2.4).

We are considering a region of space defined by the intersection of two spheres,
one of radius 2 centred at the origin, and the other a smaller sphere centred at a point
on the z axis. A diagram, viewed with the (z,y) plane edge-on, shows two circles.
Let A denote the centre of the offset one, and B one of the two points where the two
circles intersect. Then AB = /2, OA = /2, and OB = 2, so that triangle OAB is
right angled. Hence the angle AOB is w/4. A line drawn from O to B shows that
the volume we are trying to calculate is divided into two parts, one of which is the
0 < 0 < 7/4 part which resembles an ice cream cone. In the other ‘lower’ part, 6 is
from 7/4 to 7/2 but the upper limit for r in this part will depend on 6.

Let us deal with ‘ice cream’ part first. This part is described in spherical polar
variables by 0 < r <2, 0 <0 < 7/4, 0 < ¢ < 2. The volume of this part is
[ff dx dy dz. In spherical polars dx dy dz = r*sin 6 dr df d¢ so the volume of this part

is
2r pw/4 2 8 2n pw/4
/ / /r2sin9drd9d¢ - 7/ / sin 0 d6 de
o Jo 0 3

= / COSQW/4d¢

)

- #(-9

The other part of the volume is described by
T/4<0<7/2, 0<¢p<2m, 0<r<2v2cosb.

The volume of this part is

21 pm/2 2v/2cosé T /2 |
/ / / r?’sinfdrdfdy = / / lsm&
7/4 Jo 0o Jr/a |3 0
27 pmw
= 16\/_/ // cos® @ sin 6 db do
/4

1642 2w [ Cos49r/2
v e _ do
3 4 /4

r=2v/2cos 6
] d do

16\/§ /27r i

212
3
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The total volume of the region common to the spheres is therefore

167 (| V3\ 252
3 2 3

which equals (7/3)(16 — 6v/2).

4 Line integrals

Line integrals are integrals of the form

/F-dr
c

where dr = (dz,dy,dz) and C'is a curve (usually in 3d).

A common interpretation of the line integral is that it equals the work done by a
force on a particle as it moves along the curve C.

The curve C' must have a definite start and end point. It may be a closed curve,
but in the latter case we still have to be clear about the sense in which the curve is
traversed (e.g. if the curve is in 2d, whether it is traversed clockwise or anticlockwise).

4.1 Example

Evaluate

/F-dr
c

where F = zi + yj + zk and C is the curve parametrised by r(t) = ti + 3t%j + 2t3k,
for 0 <t < 1.

Solution. The curve C is given parametrically by z = t, y = 3t2, z = 2t3. We
have

/Fd[‘ = /(f,y,Z)(de‘,dy,dZ)
C C —_——— ——— —
F dr
dx dy dz

= /C(:vdanydy%—zdz):/C(xdt—i—ydt%—zdt>dt

1 1
= /(t(l)+3t2(6t)+2t3(6t2))dt:/ (t + 18t3 + 12¢°) dt
0 0
_[e s ne)
12 4 6 ],
= 7.
4.2 Example

Evaluate

/F-dr
c

14



where F = (3z,4?%,62) and C'is the curve (cos,sin6,60/3) for 0 < 6 < 4. This curve
is a helix.
Solution.

/ F.-dr = /(32,3/2,62) - (dz, dy,dz)
c c

dx d dz

47 ) 9 20
= / 0(—sinf) + sin «9608‘94—? db
0

A .3 4m 97 4m
= — fsin 0 do + [sm 9] + [9]
0 3 0 3 0

1672
3

= 4dm +

4.3 Green’s theorem

Let C be a closed curve in the (z,y) plane. If the curve is traversed anticlockwise

then ON OM
/Md:v+Ndy—// <_y> dx dy

where D is the region in the (z,y) plane enclosed by C.

4.4 Example of use of Green’s theorem

/F-dr
c

where F = zyi + y?j and C is the closed curve consisting of y = z? from (0,0) to
(1,1) followed by y = = from (1,1) to (0,0).

Solution. Since the curve C' in this problem lies entirely in the (x,y) plane we
may evaluate this line integral by using Green’s theorem. We have

F-d :/ ) - (de.d
LFdr = [ (o)) (dv.dy)
:/xydx+y2dy
C

= // (0 —z)drdy by Green’s theorem
D

Evaluate

= — / / xdx dy evaluate this using double integral methods
D

1 prx
= —// xdydx:—/ [xy]y ve dx
0 Jz? 0
1 3 471
= —/O(xz—as?’)dmz—[g—:i]

I
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4.5 A formula for area

In Green’s theorem, if we take N = x and M = —y then we get

//D(l—(—1))dxdy:/c(—ydx+xdy)

i.e.

2// dxdy:/(—ydx—i-xdy)
D c

=area of D

Hence we have the following formula:

area of a region = %/ (—ydx + z dy)
c

where C' is the boundary curve of the region, traversed anticlockwise.

4.6 Area of ellipse using above formula

Let us find the area of the ellipse x?/a® + y*/b* = 1.
We parametrise the ellipse:

xr=acost, y=bsint, 0<t<2m.
Then we have

area of ellipse = 1 / (—ydx + z dy)
c

N[ =

2
2
= lab / (sin?t + cos®t) dt
0

= mab.

4.7 Area of a general polygon

(4.2)

) a

27‘(’ daj y
—bsint— t—
/0 ( sin 7 + a cos 0t

2w
= l/ [—bsint(—asint) + (acost)(bcost)] dt
0

The area of a polygon with vertices (z1,v1), (2,%2), ..., (Zn,y,) in anticlockwise

order is given by

1

A= S [(m1y2 — 2ay1) + (T2y3 — T3y2) + - + (Tn1Un — TnYn-1) + (Tut1 — 1Y)

2

Proof. By the general area formula (4.2), the area of a general polygon will be given

by
A = %/(—yda:—i—xdy)
C

= %Z/Cv(—yda:jody)
J J
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where C' is the overall boundary of the polygon, and Cj is the straight line segment
joining (x;,y;) to (xjt+1,y;4+1) for j=1,2,....,n—1, and C, joins (z,,yn) to (x1,y1).
We can parametrise the segment C; by

(,y) = (1= t)(z5,95) + (41, Yj41) for0 <t <1

(this is basically using the vector equation of a straight line), so that

Thus

J

§Z/01 =10 =ty + tyj (T — 25) + [(1 = D)y + trja] (Y —y;) ) dt

J

£2 1-02 1 (1—t)2 ¢ !
= 3 {(%‘H — ;) l—29j+1 Ty Y| T (Yjr1 — ¥5) g Tt GTina
J 0 0
= > {@ = 2) (=5 — 39) + W1 — 9) Gy + 325)

= %Z (TjY541 — Tj119;5)
j

and the proof is complete.
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