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ABSTRACT

The aim of Non-negative Matrix Factorization (NMF) is to
decompose a non-negative matrix into a product of two (or
multiple) non-negative matrices with reduced ranks. Several
iterative methods have been developed for this purpose, e.g.
the Alternating Least Squares (ALS) or Lee-Seung (LS) mul-
tiplicative methods. Despite its fast convergence, the ALS al-
gorithm suffers from its instability, and may diverge in prac-
tice. The LS method, although reasonably stable, is known
to converge slowly. In this paper, we develop a hybrid algo-
rithm using mixed iterations based on these two methods. We
show theoretically that the hybrid algorithm outperforms both
methods by achieving a better tradeoff between the conver-
gence speed and stability without increasing computational
complexity. We also provide numerical examples in which
we compare our hybrid algorithm with the LS and ALS algo-
rithms.

Index Terms— Non-negative matrix factorization (NMF),
Mixed iterations, Alternating least squares, Lee-Seung method

1. INTRODUCTION

Non-negative matrix factorization (NMF) attempts to decom-
pose a non-negative data matrix into a product of two (or mul-
tiple) non-negative matrices [6]. This technique has found
many applications in, for example, source separation, dimen-
sionality reduction and clustering. There are several other
methods that can deal with similar problems, e.g. principal
component analysis (PCA) and singular value decomposition
(SVD). One major problem with PCA is that the basis vectors
may have both positive and negative components, and the data
are represented as linear combinations of these vectors with
positive and negative coefficients. In many applications, the
negative components contradict physical realities. For exam-
ple, the pixels in a gray-scale image have non-negative inten-
sities, so an image with negative intensities cannot be reason-
ably interpreted. To address this problem, NMF was proposed
to search for a representative basis with only nonnegative vec-
tors, see [2]. In contrast to SVD which has a unique factoriza-
tion and the orthogonality property, NMF has advantages in
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the properties of sparsity, nonnegativity, and interpretability
[1].

To find an appropriate NMF decomposition, a cost func-
tion based on, e.g. the squared Euclidean distance, is usually
defined to measure the estimation error between the original
non-negative matrix and its decomposed product. Several it-
erative methods have been proposed for the optimisation of
such a cost function. The most widely used method is per-
haps the multiplicative algorithm by Lee-Seung (LS) [5] [6],
for which a modified form of iterations has been provided by
Lin [8], and some theoretical results are also given in [4]. The
LS algorithm has good convergence stability and also main-
tains the non-negativity of the decomposed matrices during
iterations. However, it is also well-known for its slow con-
vergence. Alternating least squares (ALS) method is also
used for the same purpose by fixing one argument and finding
the least-squares solution for the other in an alternating man-
ner [1]. The ALS algorithm converges much faster as com-
pared with LS algorithm, however, it is not stable and may di-
verge frequently in practice. In this work, we first analyse the
convergence issues of these two algorithms and then develop
a hybrid method based on their complementarity in Section
2. The convergence performance of the proposed method is
analysed theoretically in Section 3 and also compared numer-
ically with LS and ALS algorithms in Section 4, followed by
the concluding remarks in Section 5.

2. THE PROPOSED METHOD

2.1. The optimisation criterion

For a given matrix V, NMF finds W and H such that:
V =WH, ()

where V. € RT"?, W € R7"" and H € R*". To find
such a decomposition the following cost function is usually
considered [5]

1
F(W.H) = |V - WH|}, 2)

where ||.||  is the Frobenious norm.
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Fig. 1. Convergence curve of a random test where both the
ALS and the LS algorithm converge.
2.2. The LS and ALS iterations

The LS algorithm uses the following multiplicative iterations
to minimise function (2):

H =H (WZV) 3
nt1 = H, O ma (3)

Wi = W, 0 (VAL o)
n+l — n (Wan+1Hg+1)’

where ® denotes the element-wise matrix multiplication, n is
the iteration number, 7" is a matrix transpose, and the divisions
operate element-wise. In practice, a small positive quantity
(e.g. € = 107Y), is usually added to the denominators in the
above updates to prevent the numerator from being divided
by zero.

H,  =H (W, V) 5

1 = Han O (WIW,H,) +¢’ )
(viiL.,)

Wn+1 = Wn © (6)

(W, H, 1 HL ) +¢

Adding € provides potentially more stable iterations and make
the iterations theoretically more tractable [8].

The ALS algorithm minimises function (2) based on the
following iterations,

H, = (WiW,) ' (W]V), ©)
Wi = VH (H, Hy )7 ®)

The non-negativity is not guaranteed with such iterations due
to the matrix inverse. In order to mitigate this problem, the
factorized matrices are further projected onto the nonnegative
orthant as follows,

Hn—i—l = P+ (Hn+1) ) (9)
W1 =P (Wiia), (10)
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where the projection P, [-] is defined as Py [A] = max(A,0),
and O is a zero-filled matrix having the same dimension as A,
and max is an operator comparing two matrices element-wise
taking the elements with greater value.

2.3. Convergence issues of the LS and ALS algorithms

As reported by several studies, e.g. [9] and [7], iterations (9)
and (10) converge (when they do) faster than (3) and (4) or
(5) and (6). However, as observed in our experiments, the
convergence performance of ALS is not consistent and may
easily diverge. The convergence behavior can be observed
in the following two random tests, shown in Figures 1 and
2, for an artificially generated data matrix V € Ri“. In
both tests, 7 was set to 2 and W € R3*? and H € R3**
were randomly initialised. Figure 1 indicates that the ALS
algorithm has faster convergence rate than the LS algorithm
when both algorithms converge. However, Figure 2 shows
that for another test, the ALS algorithm may diverge while
the LS algorithm still converges nicely.

ALS fails to converge
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Fig. 2. Convergence curve of a random test where the ALS
algorithm diverges while the LS algorithm still converges.

2.4. The mixed iterations

To mitigate the convergence issues discussed above, we de-
velop a hybrid method in this section. Essentially, using the
combination of the iterations from the ALS and LS algorithms,
the hybrid algorithm achieves a tradeoff between the conver-
gence rate and the stability of the considered algorithms. It
can be observed that the iterations in both the LS and ALS
methods take the following general form:

H,. =H,+A,'(W]V-WIW,H,), (11)
W, =W, +B,' (VH,;1 - W, H, ., H] ), (12)

where A,, and B,, are the step-size regulating matrices at it-
eration n. Specifically, in LS algorithm [5], these matrices are
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updated per element by

(A’n) p = 6(1}) (szan)ab , (13)
‘ (Hn) g
(Wan—&-lHZ.Fl) b
B,) , =4, ab | 14
( )ab ’ ( (W’n)ab ( )

where J,, (+) is the Kronecker symbol and ab is the index of
an element in a matrix in row a and column b. Since both A,
and B, are diagonal matrices, the inverse will be simply the
matrices with reciprocal diagonal elements. If A, and B,, are
set as follows,

A, =WIW,, (15)
B, = Hn+1HZ;+15 (16)

we can obtain iterations (7) and (8) from (11) and (12), which
lead to the ALS algorithm. The convergence for such itera-
tions was reported in [3]. We remark that the quantity used
in (15) and (16) is similar to the projection operator for the
well-known least-squares method.

To improve the convergence speed of (3) and (5) and the
stability of (9) and (10), we adopt the following mixed forms
for A,, and B,, in (11) and (12),

WIW,H,)  +
(An)ab = 5ab << (H ) )ab 6) (17)
n/ab

B,=H,H,,. (18)

As aresult, we obtain the hybrid algorithm as follows

H =H, 0o (WZV) (19)
T (WIW,LH,) e
Wn+1 = VHn+1(Hn+1HZ;+1)71~ (20)

Although the algorithm is derived intuitively, its improved
convergence performance over the ALS and LS algorithms
can be justified both analytically and numerically, as discussed
in subsequent sections.

3. ANALYTICAL RESULTS

3.1. The convergence

Definition 1. [5] G(h,h') is an auxiliary function for F(h)
if the conditions (i) G(h,h’) > F(h), (ii) G(h,h’) = F(h)
are satisfied.

Similar to the Taylor expansion of (2) where A, takes the
form of WL'W,,, the auxiliary function for (5) is given by,

G (h, hn) =F (h,L) + (h — h,L) Vi F (hn) 21
+ % (h—h,)" (A,) (h—h,). (22)

Recall Lemma 2 from [5] or Lemma 1 from [8], we see that
A, — Wan is a positive definite matrix. In [8] it was
noted that if A,, is given by (13), then iteration (5) for the
update of H,, converges. However, for the update of W,,, it
was not required that B,, — H,, ;HZ 11 be a strictly positive
matrix. Therefore, we choose B,, = H, . H? ;. Conse-
quently, using the following Lemma, it is straightforward to
observe that if iterations (5) and (6) converge, then iterations
(19) and (20) converge too.

Lemma 2. Suppose H,, and W, are given by (19) and (20)
respectively. If H,, — H*, then W,, — W*, where W* is
the limit of (5).

Proof. Since V. = W*H*, multiply with H*”, and then
multiply with the inverse (H*H*T) =, to obtain

w* = VH T (HHT)" L, (23)

Suppose that from an iteration n we have H,, ~ H*. From
(20) , we know that

W1 = VHy  (H, 1 H] )7 24)
~VHT (H*H )L, (25)
Therefore, we obtain W,,,; =~ W*. O

3.2. Stability and Convergence Rate

The proposed hybrid algorithm is more stable than the ALS
algorithm, as shown in the following analysis. Suppose we
take ||.|| as the sup norm. Without loss of generality, we as-
sume || V|| = 1. We shall compare the stability of iterations
(7) and (8) with that of (19) and (20). Suppose |W,|| = &,
with £ > 0 being a small constant, we have

(W2 W) = W W (26)

> (W W) W, W =Tl =1,  @7)
where I is an identity matrix. Hence, we obtain
[WEW) W 2 [Wa] T =¢70 0 @8)
On the other hand,
[l = [[(WI W) (WIV)[L 29)

As a consequence, |H,,11]|| can grow and become unstable
within one step. The hybrid algorithm instead remains stable
under a given bound, since

’ (Wiv) ngvu
(WIW,H,)| = &

||Hn+1|| < HHnH 25—1_

(30)
We note that the hybrid algorithm inherits the stability of the
LS algorithm while converging faster. In many of our tests in
MATLAB, warnings for the condition number of (WZ'W,,)~!
from (7) have been observed, while our hybrid algorithm per-
forms extremely well without such an issue.
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4. SIMULATIONS

In the first experiment, we generated V synthetically as the
absolute value of a zero-mean Gaussian distributed random
variable, and initialized W and H in the same way. The di-
mensions of these matrices were set as m = 500,p = 400,
and r = 4. We performed 20 independent random tests in
which both W and H were kept the same for all the three
algorithms. The evolution of the cost function averaged over
the 20 tests is shown in Figure 3 for the proposed algorithm,
as well as the LS and ALS algorithms. From this figure, we
observe that the proposed algorithm converges considerably
faster than both the LS and ALS algorithm. This argument
is especially true when the decomposition rank is relatively
low as compared with the data dimension. In our experi-
ments, this observation still holds for r being increased up
to 30. When increasing r to 50, the ALS algorithm becomes
unstable, while the proposed algorithm still converges even
though its rate becomes lower than that of the LS algorithm.
In the second experiment, we generated V as the spectrogram

V arbitrary data, WO,HO arbitrary
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Fig. 3. Comparison of the average convergence behavior of
the proposed algorithm, the LS algorithm and the ALS algo-
rithm for the synthetically generated data.

of an audio signal C10_whistle.wav!, where the frame length
of the FFT was set to 512. Hence, the dimension of V was
m = 512,p = 174. Both W and H were randomly initial-
ized. The rank r was set to 4, and 50% overlap between the
windows was used for generating the spectrogram. All the
three algorithms were applied to decompose the music notes
from the audio signal. Their convergence curves averaged
over 20 independent tests (with W and H randomly initial-
ized) are shown in Figure 4, where the improved convergence
performance of the hybrid algorithm can be clearly observed.
The hybrid algorithm is currently under further investigation
and being applied to a wider range of data, and more results
will be reported shortly.

! Available at www.ee.surrey.ac.uk/Personal/W.Wang/demondata.html
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Fig. 4. Comparison of the average convergence behavior of
the proposed algorithm, the LS algorithm and the ALS algo-
rithm for the real audio data.

5. CONCLUSION

We have introduced a hybrid algorithm for NMF using the
mixed iterations based on alternating least squares and Lee-
Seung algorithms. An advantage of the hybrid framework lies
in that it can be readily extended to encompass other possible
iterations for enhancing their convergence performance. Both
theoretical and numerical results have shown the advantage of
the proposed hybrid method.
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