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Abstract
Spiral waves are observed in numerous physical situations, ranging from BelousovZhabotinsky (BZ) chemical reactions, to cardiac tissue, to slime-mold aggregates.
Mathematical models with Euclidean symmetry have recently been developed to describe the dynamic behavior (for example, meandering) of spiral waves in excitable
media. However, no physical experiment is ever infinite in spatial extent, so the Euclidean symmetry is only approximate.
Experiments on spiral waves show that inhomogeneities can anchor spirals and that
boundary effects (for example, boundary drifting) become very important when the size
of the spiral core is comparable to the size of the reacting medium. Spiral anchoring
and boundary drifting can not be explained by the Euclidean model alone.
In this paper, we investigate the effects on spiral wave dynamics of breaking the
translation symmetry while keeping the rotation symmetry. This is accomplished by
introducing a small perturbation in the five-dimensional center bundle equations (describing Hopf bifurcation from one-armed spiral waves) which is SO(2)-equivariant but
not equivariant under translations. We then study the effects of this perturbation on
rigid spiral rotation, on quasi-periodic meandering and on drifting.

1

Introduction

There has been considerable activity in recent years, both mathematical (see for example
[2], [10], [11], [27], [28], [30]), and experimental (numerical and physical, see for example [3],
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[4], [5], [8], [15], [23], [24], [25], [32]) on spiral waves in excitable media. Typical motions
(see Figure 1) which have been observed for these spirals are rigid rotation, quasi-periodic
meandering (epicycle-like motion of the spiral tip) and linear meandering (circular motion
of the spiral tip superimposed with a linear drift).

Figure 1: Typical motions of the spiral tip. From left to right: rigid rotation, epicycle motion
with “inward petals”, epicycle motion with “outward petals”, linear meandering.
Experiments by Li, Ouyang, Petrov and Swinney [23] on a BZ reaction, and by Barkley,
Kness and Tuckerman [5] on a numerical simulation of a BZ reaction indicate that the
transition from a rigidly rotating spiral to a meandering spiral is a Hopf bifurcation in a
corotating frame. As one further varies the bifurcation parameter, the size of the flower
pattern traced out by the meandering spiral tip grows unbounded until one observes linear
drifting. On the other side of the transition, one observes an epicycle motion with a reversal
of the direction of the petals.
Barkley [3] was the first to propose that the special Euclidean symmetry group SE(2)
(consisting of planar translations and rotations) is responsible for the resonant growth of
quasi-periodic meandering patterns leading to linear drifting. This proposal is based on a
computation of the spectrum of a critical (at Hopf bifurcation) rigidly rotating spiral wave,
where Barkley shows that in addition to the complex-conjugate pair of Hopf eigenvalues,
there is a simple eigenvalue at zero and another complex-conjugate pair of eigenvalues at
±iωrot , where ωrot is the rotation frequency of the rigidly rotating spiral wave. These extra
critical eigenvalues are attributed to Euclidean symmetry: the zero eigenvalue to the rotation
symmetry, and the complex-conjugate pair to translations.
In the context of the Euclidean symmetry group, rigidly rotating spirals are examples of
relative equilibria, i.e. a motion which is stationary with respect to an appropriate frame of
reference. Rigidly rotating spirals are rotating waves, i.e. they are stationary in a corotating
frame. Another type of relative equilibria for the Euclidean group are traveling waves, i.e.
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a motion which is stationary in a comoving frame. For spirals, traveling waves have been
observed in numerical simulations [20], [24], and manifest themselves as linearly translating
retracting waves (i.e. the spiral is completely “unwound” and the tip travels uniformly in a
straight line). Also in the context of Euclidean symmetry, epicycle-like meandering spirals
and linearly drifting meandering spirals are examples of relative periodic solutions, i.e. a
motion which is periodic with respect to an appropriate frame of reference (a corotating
frame in the case of epicycle-like meandering, and a comoving frame in the case of linearly
drifting meandering).
Motivated in large part by Barkley’s results, a rigorous mathematical framework for meandering spirals based on Euclidean symmetry was developed. Wulff [30] gave the first such
mathematical analysis of spiral meandering using a Liapunov-Schmidt reduction approach.
A center bundle approach was used by Sandstede, Scheel and Wulff [27] (see also Golubitsky,
LeBlanc and Melbourne [10]). These Euclidean symmetric models give results which are in
excellent agreement with the physical and numerical experiments mentioned above.
Recent work by Golubitsky, LeBlanc and Melbourne [11] shows that not only is Euclidean
symmetry sufficient to observe meandering in physical space, it is also, in some sense, necessary. For example, rigidly rotating waves are also observed in experiments in combustion
theory performed by Gorman et al [14]. The physical apparatus in this case has O(2) symmetry. In contrast to spirals, the quasi-periodic state which results from Hopf bifurcation
from a rigidly rotating flame pattern does not meander, but rather appears to rotate rigidly
and non-uniformly. As is explained in [11], this is because the general motion in physical
space resulting from Hopf bifurcation from a rotating wave can be decomposed as a periodic
change in the shape of the pattern, coupled with a rigid motion (drift along group orbits). In
the O(2) case, the relevant group orbits are circles; whereas in the Euclidean case, drifting
involves both rotations and translations.
The Euclidean model has also been used to try to explain the so-called transition from
rigidly rotating spiral waves to linearly translating retracting waves. Ashwin, Melbourne and
Nicol [2] propose that this transition is a drift bifurcation. The drift bifurcation in Euclidean
models occurs when the rotation frequency of the rigidly rotating spiral wave passes through
zero. As the frequency approaches zero, the center of rotation of the spiral goes to infinity. In
the limit when the frequency is zero, there is a traveling wave translating at non-zero speed.
This scenario has been observed experimentally [20], [24]; however, the Euclidean model
also predicts that the spiral will change orientation of rotation when the rotation frequency
crosses zero. This change of orientation of rotation has not been observed experimentally.
Notwithstanding the success of models based on Euclidean symmetry in explaining the
spiral wave dynamics described in the above experiments, the fact remains that Euclidean
symmetry is an approximation, since no physical experiment is infinite in spatial extent. For
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Figure 2: Schematic representation of boundary drifting. The spiral tip gets attracted to the
boundary of the domain, and then rotates and drifts around the boundary in a meandering
motion.
the experiments mentioned above [5], [23], this Euclidean approximation is very good. For
example, in [4], even though the domain of integration is a bounded disk with prescribed
boundary conditions, Barkley nevertheless estimates an upper bound of 10−45 for the absolute
value of the real part of the symmetry eigenvalues in his experiments.
There are however other experiments on spiral waves which exhibit some phenomena
which can not be explained by Euclidean symmetry alone. The first phenomenon is boundary
drifting. This has been observed in both numerical [31], [32] and physical [32] experiments
of a BZ reaction in situations where the size of the spiral core is comparable to the size of
the spatial domain of the experiment. In this case, the spiral is attracted to the boundary
of the domain, and then rotates and drifts around the boundary in a meandering motion
(see Figure 2, or [32, Figures 1 and 9]). In contrast, the spirals in [23] do not appear to
feel the boundary at all (i.e. the spiral tip goes straight through the boundary without any
impediment). Note that in the case of boundary drifting, even if the translational symmetry
is broken in a noticeable manner by the boundary, the system still retains some Euclidean
features, to wit, the meandering behavior of this drifting motion (recall that meandering
generally does not exist in systems with only O(2) symmetry, [11]).
The second phenomenon which can not be explained by the Euclidean models is that of
spiral anchoring. This phenomenon has been observed in physical experiments on cardiac
tissue [8] and in numerical experiments of a BZ reaction [25]. When local inhomogeneities
are present (for example, small arteries in the cardiac tissue), the spirals are attracted to
these inhomogeneities, migrate towards them, and then rotate around them (see Figure 3).
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Figure 3: Schematic representation of spiral anchoring. The spiral tip migrates towards the
inhomogeneity (in the center), and then rotates rigidly around it.
Some spirals are also repelled by these inhomogeneities (if the initial position of the core
is not close to the inhomogeneity, see [25, Figures 1 and 2]). Again, it is clear that these
inhomogeneities break the translation symmetry.
Finally, Grill, Zykov and Müller [15] have performed experiments on a photosensitive
BZ reaction with feedback-controlled forcing by light pulses. These light pulses break the
translation symmetry of the plane. In this situation, they observe two dynamic attractors, which they call respectively an “entrainment attractor” (which resembles two-frequency
quasi-periodic meandering) and a “resonance attractor” (which is a three frequency motion,
resembling two-frequency quasi-periodic meandering superimposed with a circular drift, see
Figure 4). Which attractor is observed depends on the initial conditions of the experiment.
In this paper, we study the effects of translational symmetry-breaking on spiral wave
dynamics. Our intent is not to give a precise physical model of boundary conditions and/or
inhomogeneities for the above-mentioned physical experiments. Rather, we adopt a modelindependent approach. We study general systems of Euclidean-equivariant differential equations which undergo a small perturbation that breaks the translational symmetry. As a
by-product of our analysis, we show that these systems exhibit phenomena which are strikingly similar in nature to anchoring and to boundary drifting, and can exhibit dynamics
which is reminiscent of the “entrainment attractor”-“resonance attractor” pair observed in
[15]. In order to simplify things, we assume that the perturbation is rotationally symmetric.
Our results show that on a small time scale (the size of which depends on the “size” of the
perturbation), one observes spiral tip motion which is consistent with the Euclidean model.
However, this is a transient behavior. On a larger time scale, the effects of the perturbation
5

Figure 4: Schematic representation of the motion of the spiral tip for a three-frequency
resonance attractor, as observed in [15].
are observable, and consequently the spiral motion is different than in the Euclidean case.
The generic effects of the symmetry-breaking perturbation are: stabilization (in the sense
of asymptotic stability) of certain SO(2) orbits of rotating waves or of modulated rotating
waves, and drifting along these SO(2) orbits (thereby introducing another frequency into
the system).
Although forced symmetry-breaking for noncompact groups has been relatively unexplored, we note that forced symmetry-breaking for compact groups has been considered at
various places in the literature, see eg. Golubitsky and Stewart [12], Golubitsky, Stewart
and Schaeffer [13], Vanderbauwhede [29], and Lauterbach and Roberts [22]. In [29], steady
state bifurcations from families of equilibria in Banach spaces are studied and applied to the
study of persistence of periodic orbits subject to resonant non-autonomous periodic forcing,
which amounts to studying effects of forced S1 -symmetry-breaking of S1 -orbits of equilibria in a functional-analytic frame work. A similar, but variational approach is used in the
context of Hamiltonian systems in [1]. In [22] heteroclinic cycles caused by forced spherical
symmetry-breaking of SO(3)-orbits of equilibria are studied. These results are extended
to periodic orbits by Guyard and Lauterbach [16]. Chillingworth, see [6, 7] and the references therein, also studies steady state bifurcation from group orbits of equilibria caused
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for example by forced breaking of continuous symmetry, and developed special methods for
variational problems with applications in nonlinear elasticity.
The paper is organized as follows. In section 2, we give the general form of the perturbed
differential equations on the 5-dimensional center bundle for Hopf bifurcation from a rotating
wave. We then show in section 3 that there is a center manifold reduction for reasonable
translation symmetry-breaking perturbations of a planar reaction-diffusion equation, and
that the reduced equations are precisely those given in section 2. In section 4, we study the
effects of translation symmetry-breaking on relative equilibria (i.e. rigidly rotating waves
and traveling waves). Finally, the effects of the perturbation on relative periodic solutions
(i.e. modulated rotating waves and modulated traveling waves) are studied in section 5.

2

The general form of the perturbation

In [27] and [10], it was shown that the dynamics of a rigidly rotating one-armed spiral wave at
the onset of Hopf bifurcation are described by the following system of differential equations
on the center bundle V = SE(2) × C where SE(2) is homeomorphic to C × S1 :
ṗ = eiϕ F p (q, q)
ϕ̇ = F ϕ (q, q)
q̇

(2.1)

= F q (q, q).

The variables (p, ϕ) parameterize the SE(2) group orbit of the rotating spiral wave, and the
variable q captures the Hopf bifurcation. Equations (2.1) are the most general equations
which commute with the following action of the group SE(2):
(p, ϕ, q) −→ (p + x, ϕ, q) x ∈ C (translations),
(p, ϕ, q) −→ (eiθ p, ϕ + θ, q) θ ∈ S1 (rotations).

(2.2)
(2.3)

In (2.1), we note that F ϕ (0) = ωrot (i.e. the angular frequency of the rotating spiral wave
prior to bifurcation), F q (0) = 0, and DF q (0) = iωper , where ωper is the angular frequency of
the Hopf bifurcation.
We now wish to add a small perturbation to equations (2.1) which is rotationally symmetric, but not symmetric under translations.
Proposition 2.1 Let G be a system of differential equations on the center bundle V which
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commutes with the action (2.3) of SO(2). Then G has the form
ṗ = eiϕ Gp (pe−iϕ , peiϕ , q, q)
ϕ̇ = Gϕ (pe−iϕ , peiϕ , q, q)

(2.4)

q̇ = Gq (pe−iϕ , peiϕ , q, q)
Proof: The form of (2.4) is a trivial consequence of equivariance of the vector field.
Remark 2.2 Functions of the form f (p, ϕ, q) = F (pe−iϕ , peiϕ , q, q) are invariant functions
for the SO(2) action (2.3).
Thus, the following system of differential equations on V represents, at least formally,
forced translation symmetry-breaking near a Hopf bifurcation from a rigidly rotating wave:
ṗ = eiϕ [F p (q, q) + ε Gp(pe−iϕ , peiϕ , q, q, ε)]
ϕ̇ = F ϕ (q, q) + ε Gϕ (pe−iϕ , peiϕ , q, q, ε)
q̇

(2.5)

= F q (q, q) + ε Gq (pe−iϕ , peiϕ , q, q, ε),

where ε ≥ 0 is a small parameter. This system is SE(2)-equivariant if ε = 0, but only SO(2)equivariant if ε > 0. We will show in Section 3 that the equations on a center manifold near
a Hopf bifurcation from a rotating wave in certain planar reaction-diffusion equations which
contain a small translation symmetry-breaking term are of the form (2.5).
Our ultimate goal would be a study of the full equations (2.5). However, our goal in
this paper will be more modest: that is, a study of the effects of the symmetry-breaking on
relative equilibria and on relative periodic solutions which may exist close to the Hopf point.
Recall that a flow-invariant smooth manifold M is called normally hyperbolic if the linearized flow about M has growth rates in the normal directions to M which dominate the
growth rates in the tangential directions to M. For normally hyperbolic relative equilibria (corresponding to q = 0 in (2.5)), the relevant equations are (after a center manifold
reduction)
ṗ = eiϕ [v + ε Gp (pe−iϕ , peiϕ , ε)]
ϕ

−iϕ

ϕ̇ = ωrot + ε G (pe
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iϕ

, pe , ε),

(2.6)

where v is a complex constant and ωrot is a real constant. For normally hyperbolic relative
periodic solutions, the relevant equations are (after a center manifold reduction)
ṗ = eiϕ [F p (θ) + ε Gp(pe−iϕ , peiϕ , θ, ε)]
ϕ̇ = ωrot + F ϕ (θ) + ε Gϕ (pe−iϕ , peiϕ , θ, ε)
θ̇

(2.7)

= ωper + ε Gθ (pe−iϕ , peiϕ , θ, ε),

where θ and ωper are respectively the phase and (unperturbed) angular frequency of the
periodic solution of the q̇ equation in (2.5), in the case where we are close to the Hopf
bifurcation.

3

Application to reaction-diffusion systems

In this section, we will show that a large class of reaction-diffusion equations (RDE) which
are SO(2)-equivariant perturbations of an SE(2)-equivariant RDE, admit a center manifold
reduction near Hopf bifurcation from a rotating wave, and that the center manifold equations
are given by (2.5).
Consider a RDE on the plane
∂t u(t, x) = d∆u(t, x) + f (u(t, x)),

(3.1)

2
M
k+1
x ∈ R2 , u : R+
-smooth reaction term,
0 × R → R , d = diag(d1 , . . . , dM ), and f is a C
k ≥ 2. This system is equivariant under the Euclidean symmetry group SE(2). The group
SE(2) acts as follows on the domain of the functions u(x):

(ρ(p,ϕ) u)(x) = u(R−ϕ (x − p)),
where p ∈ R2 and Rϕ is a rotation by angle ϕ. Consider (3.1) on the space of bounded
uniformly continuous functions X = BCunif (R2 , RM ). Let u∗ ∈ X be a rotating wave
solution with trivial isotropy Σ = {γ ∈ SE(2), γu∗ = u∗ }, e.g. a one-armed rigidly rotating
spiral wave u∗ (t, x) = u∗ (0, R−ωrot t x). Assume that the linearization L∗ = d∆ + Df (u∗ ) +
ωrot ∂ϕ of (3.1) in the corotating frame has only five eigenvalues on the imaginary axis (three
caused by symmetry and two additional Hopf eigenvalues) and that the rest of the spectrum
∗
is in the left half plane, so that keL t |Es k ≤ Ce−λt , λ > 0, where Es is the stable eigenspace.
Then by [27] there is a C k -smooth SE(2)-invariant center-unstable manifold M cu which
contains the group orbit SE(2)u∗ of the rotating wave. The center-unstable manifold M cu is
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a graph over the center-unstable bundle SE(2)(u∗ + Q) where Q is a small ball around zero
inside a section transversal to Tu∗ SE(2)u∗ in the center-unstable eigenspace E∗cu , i.e.,
M cu = {(1 + σ)(ρ(p,ϕ) (u∗ + q)) | (p, ϕ) ∈ SE(2), q ∈ Q} ⊆ U.
Here U is an SE(2)-invariant neighborhood in X of the SE(2)-orbit of the rotating wave
u∗ and the function σ mapping from the center-unstable bundle SE(2)(u∗ + Q) to X is C k smooth and close to zero, i.e., kσkC 1 (SE(2)(u∗ +V ),X) ≤ δ with some δ > 0 small. Note that the
center-unstable manifold is orientable since the center-unstable bundle is trivial, which in
turn holds true because the isotropy Σ of u∗ is trivial (indeed, the center-manifold reduction
also works for non-trivial isotropies Σ [27], but that is not relevant here). The center-manifold
reduction is proved by modifying (3.1) outside the neighborhood U so that the centerunstable bundle becomes overflowing, and then applying the graph transformation method
[19]. The resulting center-unstable manifold is normally hyperbolic (even exponentially
stable) for the modified differential equation (3.1). The differential equations for p, ϕ and q
are obtained by inserting u(t) = (1 + σ)(ρ(p,ϕ)(t) (u∗ + q(t))) into the reaction-diffusion system
(3.1). The reduced differential equations on the manifold M cu have exactly the form (2.1).
If we add a small perturbation g to (3.1) depending on the value of u at x = 0 and on
the radial variable r = |x|, with g ∈ C k+1 , supr |g(u, r)| ≤ CK for all u ∈ K where K is some
bounded domain in RM , then we get a reaction-diffusion system on X
∂t u(t, x) = d∆u(t, x) + f (u(t, x)) + εg(u(t, 0), r),

(3.2)

which is only SO(2)-equivariant when ε > 0. We could also consider a perturbation of the
form εg(u(t, x), r). A reaction term such as in (3.2) could arise for example if the system
is forced, depending on the value of one of the components of the vector u at r = 0. For
example, in [15] the authors perform experiments on a light-sensitive BZ reaction. They
shine a beam of light onto the reacting medium and investigate the resulting spiral wave
motions. In the absence of the light beam, the dynamics of the BZ reaction are described by
an SE(2)-equivariant RDE such as (3.1). However, the light beam introduces a perturbation
of the system which breaks the translational symmetry, resulting in a perturbed RDE such as
(3.2). Another example is in [25]. There, the authors perform a study of spiral anchoring by
numerically integrating a RDE of the form (3.2) (see [25, equation (1)]), where the symmetrybreaking term εg models the presence of an inhomogeneity in the reacting medium.
Let us return our attention to (3.2). There exists an SE(2)-invariant neighborhood
U of the group orbit SE(2)u∗ of the rotating wave such that for all u ∈ U, r ≥ 0, we
have |g(u, r)|X ≤ CK . Thus, the perturbation εg(u, r) is uniformly small for functions
u ∈ U. Since (3.2) is only a small perturbation of (3.1) in the function space X for small
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ε > 0 and u ∈ U, the center-unstable manifold M cu will persist and normal hyperbolicity of
the center-unstable manifold for the modified vector field is maintained [19]. By inserting
u(t) = (1 + σ)(ρ(p,ϕ)(t) (u∗ + q(t))) into (3.2), we get that the reduced differential equations on
M cu are of the form (2.5). Since the perturbation is uniformly small in U, the perturbation
terms Gp , Gϕ , Gq in (2.5) must be uniformly bounded in p ∈ R2 for |q| small.

4

Effects of the perturbation on relative equilibria

We now study equations (2.6), which characterize the effects of translational symmetrybreaking on relative equilibria.
In section 4.1, we consider (2.6) in the case where the perturbation is such that
Gp = ape−iϕ ,

a = ±1,

Gϕ ≡ 0.

(4.1)

Equations (2.6) can be completely integrated in this case, and thus we achieve some valuable
insight about the general effects of breaking translation symmetry. Although (4.1) is an
overly simple perturbation, we will show in section 4.2 that it captures one of the most
important features of a general perturbation, that is, stabilization (or destabilization) of the
rotating wave rotating around the origin, and the slow transient approach to (or departure
from) this solution. In section 4.3, we consider the effects of the perturbation on traveling
waves. In the final section, we will give results of some numerical integrations of (2.6) which
illustrate behavior which is strikingly similar to anchoring and to boundary drifting.

4.1

A simple case

We will now completely integrate (2.6) in the case where the perturbation is given by (4.1).
We will analyze the closed-form solution we obtain, and comment on the resulting spiral tip
motion. Although (4.1) is simple, the analysis which is done in this section will give us some
information about the general case which, unlike (4.1), can not be completely integrated. In
fact, we will show in the next section that for a general perturbation G, the linear terms in
the Taylor expansion of G (such as (4.1)) are precisely those which determine the asymptotic
stability of the rotating wave rotating around the origin.
Assuming without loss of generality that ϕ(0) = 0, integration of the ϕ̇ equation in (2.6)
yields ϕ(t) = ωrot t, and substitution into the ṗ equation gives
ṗ = eiωrot t v + εap.
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(4.2)

The general solution of (4.2) is
v
veiωrot t
p(t) = p(0) −
eaεt +
.
iωrot − aε
iωrot − aε




(4.3)

Suppose z0 represents the position (in complex coordinates) of some marker (e.g. the
“tip”) on the spiral at time t = 0. Based on the action (2.2) and (2.3), the subsequent
motion of this marker is given by
z(t) = (p(t), ϕ(t)) ◦ (p(0), ϕ(0))−1 z0 = eiϕ(t) (z0 − p(0)) + p(t).

(4.4)

Substituting (4.3) into (4.4), we get
iωrot t

z(t) = e

v
v
+ p(0) −
eaεt .
z0 − p(0) +
iωrot − aε
iωrot − aε








(4.5)

Remark 4.1 Asymptotic state : For a given value of p(0), the motion
iωrot t

z(t) = e

v
z0 − p(0) +
iωrot − aε





(4.6)

represents
• a circular motion centered on the origin and of radius z0 − p(0) +
0,
• a steady point at z0 − p(0) −

v
if ωrot 6=
iωrot − aε

v
if ωrot = 0, ε 6= 0.
aε

This motion is called “asymptotic” because the general motion given by (4.5) tends towards
this particular motion when t → ±∞ (depending on the sign of a).
Note that for a fixed value of ε > 0, the radius of the circular motion grows, but remains
bounded, as ωrot tends to zero. At ωrot = 0, the path is just a point. On the other side of
ωrot = 0, the direction of rotation around the circle is reversed. This is in contrast to the
case where ε = 0 where the limiting radius is infinite, [2].
The sign of a gives the “stability” of the asymptotic state (4.6) with respect to other
states. For a general state, there is a transient period for which (4.5) describes a motion
which is either asymptotic to (4.6) as t → ∞ (if a = −1) or which goes to infinity as t → ∞
(if a = 1).
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Remark 4.2 Transient motion : The general motion (4.5) represents:
• a circular motion superimposed with a non-uniform translation along the ray joining
v
the origin to p(0) −
if ωrot 6= 0. If a = 1, this non-uniform translation
iωrot − aε
carries the tip to infinity at an exponential rate of speed when t → ∞. If a = −1, the
spiral tip settles to the asymptotic rigid rotation which was described in Remark 4.1.
We will later show that this last mechanism is what underlies spiral anchoring.
v
• a non-uniform translation along the ray joining the origin to p(0) +
if ωrot = 0.
aε
Again, if a = 1, the tip goes to infinity exponentially as t → ∞, whereas if a = −1, the
v
.
tip settles to the point z0 − p0 +
−aε
In both cases above, the velocity of the non-uniform translation is given by
v
p(0) −
aεeaεt .
iωrot − aε





(4.7)

If t0 > 0 is much smaller than ε−1 , then on a time-scale [0, t0 ] the exponential term in (4.7)
is approximately 1. Suppose that p(0) is fixed. Then for small ε, the velocity (4.7)
• is negligible on [0, t0 ] far from ωrot = 0. In this case, (4.5) is approximately a rigid
v
rotation centered on p(0) −
(assuming that t0 is large compared to the period
iωrot − aε
2π/ωrot of the rotation).
• has approximate norm |v| on [0, t0 ] near ωrot = 0. In this case, (4.5) resembles largeradius circular motion or linear drifting on [0, t0 ], with drifting speed ≈ |v|.
Figure 5 illustrates the path (4.5) in the case a = −1, ε = 5 × 10−4 , p(0) = −1 + i,
v = 0.3 − 0.5i and z0 = 2i for different values of ωrot and for t ∈ [0, 100] in each case. On this
small time-scale, the transient motion resembles the transition to retracting waves mentioned
in the Introduction; namely, it appears as if the radius of rotation is growing without bound
and that the center of rotation is going to infinity. In particular, figure 5 d) looks like linear
drifting (even though it is not). We get similar pictures when a = 1. Thus, on a small time
scale, the effects of the symmetry-breaking are not observable. Figure 6 illustrates the above
paths on a longer time scale, where the effects of the symmetry-breaking are apparent.
In the next section, we consider the general case for (2.6). Unlike the case (4.1), we can
not obtain a closed form solution. However, one of our results will show that the asymptotic
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Figure 5: Path (4.5) with a = −1, ε = 5 × 10−4, p(0) = −1 + i, v = 0.3 − 0.5i, z0 = 2i and
t ∈ [0, 100]. The values for ωrot are as follows: a) 0.7, b) 0.1, c) 0.05, d) 0, e) −0.05. On this
small time scale, the effects of the symmetry-breaking are not observable, and the spiral tip
motion resembles that of a Euclidean model [2].
state described in Remark 4.1 exists in the general case as well, its local asymptotic stability is
determined by linear terms such as (4.1) in the Taylor expansion of the general perturbation,
and consequently the local dynamics near this asymptotic state are described as in Remarks
4.1 and 4.2.

4.2

Perturbation of rotating waves

We now study (2.6) in the case of a general perturbation. It is convenient to introduce the
following change of coordinates
w = pe−iϕ
(4.8)
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b)

a)
0

15

t = 1000

t = 2000
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–15
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Figure 6: Path (4.5) with a = −1, ε = 5 × 10−4, p(0) = −1 + i, v = 0.3 − 0.5i, z0 = 2i and
t ∈ [0, 5000]. In a), ωrot = 0.05, while in b), ωrot = 0. On this longer time scale, the effects
of the symmetry breaking are observable. For example, in figure a) we see the transient
approach of the spiral to a state which is rotating rigidly around the origin. The arrows in
figure b) point to the position of the tip at the indicated value of t (thereby illustrating the
nonuniformity of the translation).
which decouples the variable ϕ. In fact, we get
ẇ = v − iωrot w + ε [Gp (w, w, ε) − iwGϕ (w, w, ε)]
ϕ̇ = ωrot + εGϕ (w, w, ε),

(4.9)

where we assume that v 6= 0, and we assume that Gp and Gϕ are sufficiently smooth for our
purposes.
When ε = 0, the planar vector field given by the ẇ equation of (4.9) is illustrated in
Figure 7 for ωrot > 0, ωrot = 0 and ωrot < 0. When ωrot 6= 0, this vector field has precisely
one equilibrium point at
v
w∗ =
.
(4.10)
iωrot
This equilibrium point represents a rotating wave of (2.6), where p(t) rotates around the
, and it corresponds to the asymptotic state which was described in
origin with radius |ω|v|
rot |
Remark 4.1. The equilibrium point is a center if ε = 0. The position of the equilibrium
point w ∗ varies along a straight line when ωrot varies in R: as ωrot → 0+ , w ∗ → ∞ along this
straight line, and when ωrot → 0− , w ∗ → ∞ in the opposite direction on this same straight
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Figure 7: Orbits of the vector field defined by the ẇ equation in (4.9), for ε = 0 and for
different values of ωrot .
line. The closed orbits

v
v
w(t) =
+ w(0) −
e−iωrot t
iωrot
iωrot




(4.11)

surrounding the equilibrium point when ωrot 6= 0 correspond to SO(2) orbits of rotating
waves which are rotating around some point other than the origin (to see this, simply substitute (4.11) into (4.4), taking into account (4.8)). Finally, the straight lines in the center
of Figure 7 when ωrot = 0 correspond to traveling waves.
Let us now consider the effects of setting ε 6= 0 in (4.9) on the diagrams of Figure 7.
4.2.1

Fate of the equilibrium point

By the implicit function theorem, the equilibrium point persists for all ε > 0 sufficiently
small. Denote this equilibrium point by w ∗ (ε). Using Taylor’s theorem, we expand Gp −iwGϕ
around the point (w, w, ε) = ( iωvrot , − iωvrot , 0) to get
Gp (w, w, ε) − iwGϕ (w, w, ε) = a0 + a1 w + a2 w + a3 ε + R(w, w, ε),
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where R is of order 2 in (|w −
have
a1 = Gpw (

v
|, ε),
iωrot

and the ai are complex numbers. In particular, we

v
v
v ϕ v
v
v
v
,−
, 0) − iGϕ (
,−
, 0) −
Gw (
,−
, 0).
iωrot iωrot
iωrot iωrot
ωrot
iωrot iωrot

Generically, we have Re(a1 ) 6= 0.
Proposition 4.3 For small ε > 0, the equilibrium point w ∗ (ε) is locally asymptotically stable
(resp. unstable) if Re(a1 ) < 0 (resp. > 0).
Proof: Let L denote the linearization of the ẇ-equation of (4.9) at w(ε). Then det(L) > 0
since L is a small perturbation of the rotation iωrot . Moreover tr(L) = 2Re(a1 )ε + O(ε2).
Therefore, the dependence on ε of the eigenvalues of the equilibrium point is
(Re(a1 )ε + O(ε2)) ± i(ωrot + O(ε)).

4.2.2

Fate of the periodic solutions

Depending on the specific form of the perturbation, it is possible that some of the periodic
solutions surrounding the equilibrium may survive the perturbation and become limit sets.
By the Poincaré-Bendixson theorem, we know that for small ε > 0, the only possibilities
for the α- and ω-limit sets of the ẇ equation of (4.9) are the equilibrium point and some
periodic orbits. The period of any periodic solution which survives the perturbation will
depend not only on Gϕ , but also on Gp . Thus, generically, this period and the period of ϕ(t)
(see (4.9)) will differ by a term which is O(ε). Consequently, these periodic solutions in the
w-plane will represent a quasi-periodic motion around the origin in the p-plane, and will be
observable in physical space as an epicycle-like motion with angular frequencies ωrot + O(ε)
and O(ε).
Define
h(w, w, ε) ≡ Gp (w, w, ε) − iwGϕ (w, w, ε),
v
v
,z −
, ε),
H w (z, z, ε) ≡ h(z +
iωrot
iωrot
and finally
Z

I(ρ) ≡ Re

2π

0

e−ist H w (ρeist , ρe−ist , 0) dt ,

where s = −sgn(ωrot ) = ±1. We have the following
17

(4.12)

Theorem 4.4 Suppose ρ0 > 0 is such that I(ρ0 ) = 0 and I ′ (ρ0 ) = µ 6= 0. Then for all
ε > 0 sufficiently small, the ẇ equation in (4.9) has a periodic solution w(t, ε) which depends
continuously on ε, and which is such that
v
w(t, 0) = ρ0 e−iωrot t +
.
iωrot
Furthermore, this periodic solution is locally asymptotically stable (resp. unstable) if µ < 0
(resp. > 0).
Proof: Let z = w − iωvrot , and write z using polar coordinates z = ρeiψ . Then the ẇ equation
in (4.9) becomes
h

i

= εRe e−iψ H w (ρeiψ , ρe−iψ , ε)
h
i
1
ψ̇ = −ωrot + ε Im e−iψ H w (ρeiψ , ρe−iψ , ε) .
ρ

ρ̇

(4.13)

In the domain ρ > 0, we rescale time so that we get ψ̇ = −sgn(ωrot ) ≡ s = ±1. Consequently,
the real axis in the complex z plane is a Poincaré section to the perturbed flow (4.13), and
the return map is the time-2π map of the rescaled ρ̇ equation in (4.13), which is given by
ρ 7−→ ρ + ε

1
I(ρ) + O(ε2 ).
|ωrot|

It is now easy to see that transverse zeros of I(ρ) correspond to fixed-points of this time-2π
map which persist for small ε > 0 by the implicit function theorem. Moreover, the local
asymptotic stability of the fixed point (and thus of the corresponding periodic solution of
the ẇ equation in (4.9)) is given by the sign of I ′ (ρ0 ).
Note that the above mechanism is a possible explanation of an observation made in [25].
There, it was found that spirals close enough to an inhomogeneity get anchored to it, but
beyond a certain critical distance from the inhomogeneity, spirals are actually repelled. This
could be due to an unstable periodic solution in the w-plane which survives the translation
symmetry-breaking perturbation induced by the inhomogeneity. Initial conditions inside this
unstable periodic solution get attracted to the equilibrium point (observed as an “anchored”
rotating wave around the origin in physical space), whereas initial conditions outside get
repelled (see Figure 8, and section 4.4 for a numerical example). In Figure 8, orbits which
approach the stable limit cycle correspond to spiral tip motions in physical space which
approach a quasi-periodic rotation around the origin consisting of a fast petal frequency and
an O(ε) drift around the origin. Compare this scenario to Figure 1 of [32] which illustrates
both anchoring and boundary drifting. Also, see section 4.4 below for a numerical example.
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Figure 8: Possible phase portrait for the ẇ equation in (4.9) when ε 6= 0.

4.3

Perturbation of traveling waves

When ε = 0 and for v 6= 0, the equilibrium point w ∗ of the ẇ equation in (4.9) goes to
infinity as ωrot → 0. Thus, the interesting behavior near (ωrot , ε) = (0, 0) occurs at infinity.
We therefore set z = w −1 and get
ż = −vz 2 + iεzC ϕ (z, z, ε) − εz 2 C p (z, z, ε),

(4.14)

where
C ϕ (z, z, ε) = Gϕ (z −1 , z −1 , ε)
and
C p (z, z, ε) = Gp (z −1 , z −1 , ε).
Recall from section 3 that the functions Gϕ and Gp are bounded. We will restrict our
attention to functions which satisfy the following hypothesis:
Hypothesis 4.5 The functions C ϕ and C p are sufficiently smooth near z = 0, ε = 0 so that
we can make the following Taylor expansion of the vector field (4.14) near (z, z, ε) = (0, 0, 0):




ż = −vz 2 + iεz µ + az + bz + γε + O(ε2, ε|z|, |z|2 ) ,

(4.15)

where µ and γ are real numbers, and a and b are complex numbers. We will also assume the
generic conditions µ 6= 0 and Re(b/v) 6= 0.
Remark 4.6 Note that the function C ϕ is real-valued, whereas the function C p is complexvalued. So we may write C ϕ = µ + αz + αz + γε + h.o.t. and C p = β + h.o.t, where µ and γ
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are real, and α and β are complex. Thus in (4.15), a = α − β and b = α are complex, but µ
and γ are real.
Equation (4.15) has a trivial equilibrium point z = 0 for all ε. Let G(z) denote the right
hand side of the differential equation (4.14). Applying the implicit function theorem to
F (z) = G(z)/z = −vz + iεC ϕ − εzC p = 0,
we conclude that equation (4.14) has a nontrivial branch of equilibrium points when ε 6=
0, v 6= 0. Using implicit differentiation, it can be shown that this branch of non-trivial
equilibrium points is given by
iµ
bµ aµ iγ
z (ε) = ε
+ ε2
− 2 +
v
vv
v
v
∗





!

+ O(ε3 ).

A lengthy but straightforward computation shows that the eigenvalues of this non-trivial
equilibrium point are a complex-conjugate pair with real part given by
!

b 2
−µRe
ε + O(ε3 ).
v

(4.16)

When ε 6= 0, the equilibrium point at z = 0 is a center with eigenvalues ±iµε. To
determine its asymptotic stability when ε 6= 0, we put (4.15) into the normal form
ż = iµεz + A(ε)|z|2 z + O(|z|5 ).
The asymptotic stability of the equilibrium point is given by the so-called first Liapunov
coefficient, which is the real part of A(ε). This coefficient can be computed using standard
techniques (see for example [21, equation (3.18)]). We give here the final result of such a
computation, which is
!
vv
b
Re(A(ε)) = Re
+ O(ε).
µ
v
Thus, one can easily see that the equilibrium point at the origin has stability which is
opposite that of the non-trivial equilibrium point.
The full picture is given in Figure 9. When viewing this figure, it is helpful to think of
these phase diagrams as representing a local picture of the region around the north pole in a
stereographic projection onto the Riemann sphere of the vector field given by the ẇ equation
in (4.9) when ωrot = 0. Note that the non-trivial equilibrium point z ∗ (ε) corresponds to a
rigidly rotating spiral wave around the origin in physical space, with the tip tracing out a
very large circle.
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ε=0
sgn ( µ Re ( b / v )) = -1

a)

ε=0

ε=0
sgn ( µ Re ( b / v )) = 1

b)

c)

Figure 9: Phase portraits for (4.15). In figure a), the point at infinity is stable and the point
z ∗ (ε) is unstable. In figure c), the situation is reversed.

4.4

Some numerical examples

We now give the results of a few numerical integrations of equations (2.6). We have used
the 4th order Runge-Kutta integrator of DsTool with a maximum time step size of 0.05 to
perform the integrations. For all experiments, we used the following data:
v = 0.3,

ωrot = 0.3, ε = 0.025.

For the first experiment, we consider a perturbation which is concentrated on an annular
region centered on the origin. To achieve this, we use the perturbation functions
2

Gϕ (w) = 0.0865 e−4 (|ξ|−4) ,
2
Gp (w) = iwGϕ (w) + ξ arctan (4 − |ξ|) e−2 (|ξ|−4) ,

(4.17)

where ξ = w + i, and w = pe−iϕ (see (4.8)). With this data, the function I(ρ) defined in
(4.12) is given by
2
I(ρ) = 2π ρ arctan (4 − ρ) e−2 (ρ−4)
(4.18)
and is shown in Figure 10 a). As is clear from this figure, most of the perturbation is
concentrated on an annulus around ρ = 0, and I(ρ) changes sign at ρ = 4.
In Figure 10 b), we superimpose the results of the spiral tip motion (4.4) with z0 − p(0) =
0.2 for two integrations of (2.6) with perturbation (4.17) and the following respective initial
conditions:
ϕ(0) = 0,
p(0) = −1.045 − 0.732i
(4.19)
ϕ(0) = 0,
p(0) = 1.972 + 0.993i.
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The length of the interval of integration is the same for both experiments. The first initial
condition is in a region where the perturbation is negligible, and so its evolution resembles
a rotating wave rotating around a point other than the origin (it is actually drifting very
slowly towards the annular region, but in order to be able to observe this transient drifting,
one would have to integrate for a very long time interval). In contrast, the second initial
condition is in a region where the perturbation is appreciable, so it gets attracted to a state
which drifts and meanders around an annular region. Figure 10 b) should be compared to
Figure 9 of [32], where boundary drifting was studied.
For the second experiment, we consider a perturbation which is concentrated on a disk
centered on the origin. We use the perturbation functions
2

Gϕ (w) = 0.0865 e−0.6|ξ| ,
2
Gp (w) = iwGϕ (w) + ξ (−0.6 + arctan (3|ξ| − 4.5)) e−0.4 |ξ| .

(4.20)

The function I(ρ) is then given by
2

I(ρ) = 2π ρ (−0.6 + arctan (3ρ − 4.5)) e−0.4 ρ

(4.21)

and is shown in Figure 10 c). Most of the perturbation is concentrated on a disk centered
on ρ = 0, and I(ρ) changes sign at around ρ = 2.
In Figure 10 d), we superimpose the results of the spiral tip motion (4.4) with z0 − p(0) =
0.2 for two integrations of (2.6) with perturbation (4.20) and the following respective initial
conditions:
ϕ(0) = 0,
p(0) = −2.392i
(4.22)
ϕ(0) = 0,
p(0) = −2.756 + 0.797i.
The length of the interval of integration is the same for both experiments. The first initial
condition gets attracted (“anchored”) to a rotating wave rotating around the origin. The
second initial condition is repelled by the origin, and drifts in the direction of the arrow.
Figure 10 d) should be compared to Figures 1 and 2 of [25], where anchoring and repulsion
of spiral waves by inhomogeneities was studied.
For the final experiment, we consider the perturbation functions
Gϕ (w) = 0.0865,
2
Gp (w) = iwGϕ (w) + ξ arctan (3|ξ| − 6) arctan (12 − 3|ξ|) e−0.15 |ξ| .

(4.23)

The function I(ρ) is then
2

I(ρ) = 2π ρ arctan (3ρ − 6) arctan (12 − 3ρ) e−0.15 ρ
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(4.24)
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Figure 10: Results of several numerical integrations of (2.6). In figures a), c) and e), we
see the profile of the function I(ρ) given respectively by (4.18), (4.21) and (4.24). Figure b)
shows the tip path (4.4) for the perturbation (4.17) and the initial conditions (4.19). Figure
d) shows the tip path for the perturbation (4.20) and the initial conditions (4.22). Figure f)
shows the tip path for the perturbation (4.23) and the initial conditions (4.25).
and is shown in Figure 10 e). The perturbation is more or less spread out throughout the
whole region, and there are two sign changes for I(ρ) at approximately ρ = 2 and ρ = 4.
In Figure 10 f), we superimpose the results of the spiral tip motion (4.4) with z0 − p(0) =
0.2 for two integrations of (2.6) with perturbation (4.23) and the following respective initial
conditions:
ϕ(0) = 0,
p(0) = −0.451 − 2.587i
(4.25)
ϕ(0) = 0,
p(0) = 1.259 + 1.123i.
The length of the interval of integration is the same for both experiments. The first initial
condition gets attracted (“anchored”) to a rotating wave rotating around the origin. The second initial condition gets attracted to an annulus and starts meandering and drifting around
this annulus. Figure 10 f) should be compared to Figure 1 of [32], where it was illustrated
23

that there could co-exist two stable states for spiral waves on a disk: a “centrosymmetrical”
regime (rotating wave rotating around the origin), and a “two-periodic” regime which drifts
around the boundary.
We end this section by noting that we have performed experiments with the same data
as above, except for smaller values of ε. The results are qualitatively similar to Figures 10
b), d) and f) except that, as expected, the transient motions and the annular drifting speed
are slower.

5

Effects of the perturbation on relative periodic solutions

We now study equations (2.7), which characterize the effects of translational symmetrybreaking on relative periodic solutions. In section 5.1, we investigate the persistence and
asymptotic stability of the modulated rotating wave rotating around the origin and of the
SO(2) orbits of modulated rotating waves rotating around a point other than the origin. We
will use some results from averaging theory as outlined in [9, 17, 18, 26]. In section 5.2, we
investigate the effect of the perturbation on modulated traveling waves, using an approach
similar to section 4.3.
Finally, in section 5.3, we present the results of some numerical integrations of (2.7)
which illustrate the possible co-existence of a stable modulated rotating wave and a stable
three-frequency motion resembling Figure 4.

5.1

Perturbation of modulated rotating waves

Assume that we are given a linearly stable modulated rotating wave of (2.1) for ε = 0. This is
a periodic orbit q(t) = q(t; q0 ) with period T = 1 (after a possible rescaling of time) of the q̇subsystem of (2.1). Then the union of the time and group orbit {(p, ϕ, q(t)) | ϕ ∈ SO(2), p ∈
R2 , t ∈ [0, T )} is an attracting invariant manifold of dimension 4 which is diffeomorphic
to C × S1 × S1 and which persists under small perturbations. We can choose appropriate
coordinates (see [28]) so that the differential equations (2.7) on this invariant manifold have
the following form:
ṗ = εeiϕ Gp (pe−iϕ , peiϕ , θ, ε)
ϕ̇ = ωrot + εGϕ (pe−iϕ , peiϕ , θ, ε)
θ̇

= 2π + εGθ (pe−iϕ , peiϕ , θ, ε)
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(5.1)

where ωrot ∈
/ 2πZ. Introduce the new time τ defined by
dτ
ε
= 1 + Gθ (pe−iϕ , peiϕ , θ, ε),
dt
2π
set w = pe−iϕ and apply Taylor’s theorem for small ε on (5.1) in order to get
ẇ = −iωrot w + εH w (w, w, θ, ε)
ϕ̇ = ωrot + εH ϕ (w, w, θ, ε)
θ̇

(5.2)

= 2π,

where the overdot now denotes a derivative with respect to τ . After integrating the θ̇
equation, we see that the (ẇ, ϕ̇) subsystem is periodically forced in t (after relabeling τ to
t), with forcing period equal to 1. Consequently, we can write
ẇ = −iωrot w + εH w (w, w, 2πt + θ0 , ε)
ϕ̇ = ωrot + εH ϕ (w, w, 2πt + θ0 , ε),

(5.3)
(5.4)

where H w (w, w, 2πt + θ0 , ε) and H ϕ (w, w, 2πt + θ0 , ε) are 1-periodic in t. Although the functions H w and H ϕ depend explicitly on the initial value θ0 , different values of θ0 correspond
to different transversal cross sections of the flow, but with smoothly conjugate return maps.
We can therefore assume without loss of generality that θ0 = 0. We will assume that H w
and H ϕ are smooth enough for our purposes.
The time-one map of (5.3) for ε = 0 has precisely one fixed point at the origin which
is surrounded by a family of invariant circles. The fixed point corresponds to a modulated
rotating wave centered on the origin in physical space, and the invariant circles are SO(2)
orbits of modulated rotating waves rotating around a point other than the origin. As in the
previous section, some of the modulated rotating waves rotating around a point other than
the origin may survive the perturbation. However, the situation here is more delicate since
the flow on the two torus of (5.3) when ε = 0 is either ergodic (if ωrot /2π is irrational), or
foliated by periodic orbits (if ωrot /2π is rational). In the case where a modulated rotating
wave of (5.1) which rotates about a point different from 0 in the unperturbed system does
survive the perturbation, this will generically lead to an O(ε) drift of this modulated rotating
wave around its SO(2) orbit about 0. The result is a motion on a three-torus (relative
invariant torus) for (5.1) which, in physical space, resembles Figure 4. Such three frequency
motions have been observed in [15].
25

5.1.1

Fate of the fixed point of the time-one map

Using Taylor’s theorem, we expand the function H w in (5.3) about (w, w, ε) = (0, 0, 0) and
get
w
w
w
H w (w, w, 2πt, ε) = hw
0 (t) + h1 (t)w + h2 (t)w + h3 (t)ε + R(w, w, t, ε),
where the complex-valued functions hw
i (t) are 1-periodic, R is 1-periodic in t, and of order 2
in (|w|, ε) uniformly in t. If P (w, w, ε) denotes the time-one map of (5.3), then P (w, w, 0) =
e−iωrot w. Of course, the fixed point w = 0 of P when ε = 0 can be extended to a fixed
point w(ε) of P (w, w, ε) for all ε small enough by virtue of the implicit function theorem.
Computing Pε (w, w, 0) gives
Pε (w, w, 0) = β0 + β1 w + β2 w + O(|w|2),
where β0,1,2 are complex coefficients which are obtained from the previously defined functions.
The only important one as far as asymptotic stability is concerned is
−iωrot

β1 ≡ e
Generically, we have Re(

R1
0

Z

0

1

hw
1 (t)dt.

hw
1 (t)dt) 6= 0.

Proposition 5.1 For small ε > 0, the fixed
point w(ε) of the map P (w, w, ε) is locally
R
asymptotically stable (resp. unstable) if Re( 01 hw
1 (t)dt) < 0 (resp. > 0).
Proof: A straightforward computation shows that the eigenvalues of the fixed point are
eiωrot + β1 ε + O(ε2),

e−iωrot + β1 ε + O(ε2),
whose modulus squared is 1 + Re
5.1.2

Z

0

1



hw
1 (t)dt

ε + O(ε2).

Fate of the invariant circles of the time-one map

We will use the general averaging theory [9, 17, 18, 26] in order to locate the hyperbolic
invariant two-tori of (5.3) which survive the perturbation, and to characterize their local
asymptotic stability.
Before proving our main results, we state the required definitions and results from averaging theory [17, 18].
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Definition 5.2 ([9])
Let f be a function of a real variable t. The function f is almost periodic if for every sequence
{αn } of real numbers, there is a subsequence {αnk } such that the sequence {f (t + αnk )}
converges uniformly.
Remark 5.3 Periodic and quasi-periodic functions are almost periodic (see [18, Appendix:
Almost Periodic Functions]).
Definition 5.4 ([17])
Let f : Rm × Rn 7−→ Rk be a continuous function of (φ, x) for φ ∈ Rm and x ∈ E ⊆ Rn .
Let e be the vector in Rm with each of its components equal to 1. We define the mean value,
Mf,φ (x) of f with respect to φ by
1 Z T +τ0
f (φ + te, x) dt,
T →∞ T
τ0

Mf,φ (x) = lim

(5.5)

provided the limit exists uniformly with respect to τ0 , φ and x for all real τ0 , for all φ ∈ Rm
and x ∈ E, and is independent of τ0 .
Remark 5.5 If f (φ + te, x) is almost periodic with respect to t for all φ ∈ Rm and x ∈ E,
then Mf,φ (x) exists. Furthermore, if f (φ, x) is periodic in each of the components of φ
with periods (T1 , . . . , Tm ), such that T1 , . . . , Tm are rationally independent, then Mf,φ (x) is
independent of φ [17].
The following lemma is a special case of one given in [18] ( §VII.7 and Appendix: Almost
Periodic Functions):
Lemma 5.6 Let f (φ, x) be such that f is multiply periodic in φ ∈ Rm with period vector
(T1 , . . . , Tm ) for all x ∈ Br , where
Br ≡ {x ∈ Rn : |x| ≤ r}.
Suppose Mf,φ (x) = 0 for all x ∈ Br . Then for any r1 < r, there are an ε0 > 0 and a function
y(φ, x, ε), 0 < ε < ε0 , multiply periodic in φ with period vector (T1 , . . . , Tm ), such that the
function
m
X
∂y
F (φ, x, ε) =
− f (φ, x)
(5.6)
j=1 ∂φj

as well as εy, ε∂y/∂φ, ε∂y/∂x tend to zero as ε → 0 uniformly with respect to φ ∈ Rm ,
x ∈ Br1 . If f (φ, x) has continuous first partials with respect to x, then the partial derivatives
of F (φ, x, ε) with respect to φ, x also approach zero as ε → 0 uniformly with respect to φ, x.
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Remark 5.7 In the above lemma, if φ is a scalar then we can choose y such that the function
F on the left-hand side of (5.6) is of the form εG(φ, x, ε), where G is smooth (see [18]).
The next result we will need is the following special case of Theorem 2.3, section VII.2 of
[18]:
Theorem 5.8 ([18, §VII.2, Theorem 2.3])
Consider the system
ẋ = εAx + εF (φ, x, ε)

(5.7)

φ̇ = ω + εΘ(φ, x, ε),
where x ∈ Rn , φ ∈ Rm , ω ∈ Rm is a constant vector, A is an n by n matrix of constants of
block diagonal form


A
0
s
,
A=
0 Au

where As has all eigenvalues with negative real part and Au has all eigenvalues with positive
real part. Define
Ω(r0 , ε0 ) = {(x, ε) : |x| < r0 , 0 ≤ ε ≤ ε0 }.
Suppose that Θ, F satisfy the following conditions:
(C1) Θ and F are continuous and bounded in Rm × Ω(r0 , ε0 ).
(C2) Θ and F are Lipschitz in φ in Rm × Ω(r, ε), with Lipschitz constants LΘ
φ (r, ε) and
F
Θ
F
Lφ (r, ε) respectively, where Lφ (r, ε), Lφ (r, ε) are continuous and non-decreasing for
0 ≤ r ≤ r0 , 0 ≤ ε ≤ ε0 , and LFφ (0, 0) = 0.
F
(C3) Θ and F are Lipschitz in x with Lipschitz constants LΘ
x (r, ε) and Lx (r, ε) respectively,
F
in Rm × Ω(r, ε), where LΘ
x (r, ε), Lx (r, ε) are continuous and non-decreasing for 0 ≤
r ≤ r0 , 0 ≤ ε ≤ ε0 , and LFx (0, 0) = 0.

(C4) The function |F (φ, 0, ε)| is bounded by N(ε) for φ ∈ Rm , 0 ≤ ε ≤ ε0 , where N(ε) is
continuous and nondecreasing for 0 ≤ ε ≤ ε0 , and N(0) = 0.
Furthermore, since the matrix A has all eigenvalues bounded away from the imaginary axis,
there exists α > 0, K > 0 such that for any real number τ ,
|e(t−τ )εAs | ≤ Ke−εα(t−τ ) ,
|e(t−τ )εAu | ≤ Ke−εα(t−τ ) ,
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t ≥ τ,
t ≤ τ.

Suppose that α − lim supε→0 LΘ
φ (0, ε) > 0.
Then the following conclusions are true for the system (5.7): there exist ε1 > 0 and continuous functions D(ε), ∆(ε), 0 < ε ≤ ε1 , which approach zero as ε → 0, and a continuous
function
σ : Rm × (0, ε1 ] 7−→ Rn
with σ(φ, ε) bounded by D(ε), Lipschitz in φ with Lipschitz constant ∆(ε), such that the set
Sε = {(φ, x) : x = σ(φ, ε), φ ∈ Rm }
is an invariant set for the system (5.7). If the functions Θ and F in (5.7) are multiply
periodic in φ with period vector (T1 , . . . , Tm ), then σ(φ, ε) is also multiply periodic in φ with
period vector (T1 , . . . , Tm ). Finally, the asymptotic stability of the invariant set Sε is the
same as that of the trivial equilibrium point of the equation ẏ = Ay.
We are now ready to present our main results. Of course, when ωrot /2π ∈ Q, the flow of
the time-one map of (5.3) at ε = 0 on the invariant circles is foliated by periodic orbits of
period ℓ; whereas this flow is ergodic in the case ωrot /2π ∈
/ Q. Thus, not surprisingly, the
analysis which follows depends crucially on whether or not the ratio ωrot /2π is rational.
Lemma 5.9 Consider the function H w in the ẇ equation of (5.2), and define
H(ψ, θ, ρ, ε) = eiψωrot H w (ρe−iψωrot , ρeiψωrot , 2πθ, ε).

(5.8)

If ωrot /2π is irrational, then the mean value MH,(ψ,θ) (ρ, ε) exists and is independent of ψ and
θ.
Proof: Since H w is 2π periodic in θ, it follows that H is multiply periodic in (ψ, θ) with
period vector (T1 , T2 ) = (2π/ωrot, 1). The ratio T2 /T1 = ωrot /2π is irrational, and so the
lemma is true (see Remark 5.5).
Consider the (ẇ, θ̇) subsystem of (5.2):
ẇ = −iωrot w + εH w (w, w̄, θ, ε)
θ̇

(5.9)

= 2π.

Writing w = ρe−iψ , (5.9) becomes
h

i

= ε Re eiψ H w (ρe−iψ , ρeiψ , θ, ε)
h
i
1
ψ̇ = ωrot − ε Im eiψ H w (ρe−iψ , ρeiψ , θ, ε)
ρ
ρ̇

θ̇

= 2π.
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(5.10)

We then have
Theorem 5.10 Suppose ωrot /2π is irrational, and define I(ρ) by
I(ρ) = Re [MH,(ψ,θ) (ρ, 0)],
where H is defined in (5.8). Let ρ0 > 0 be such that I(ρ0 ) = 0, and I ′ (ρ0 ) = µ 6= 0. Then
for all ε > 0 sufficiently small, the system (5.10) has a hyperbolic invariant two-torus
ρ = T (ψ, θ, ε)
periodic in (ψ, θ) with periods (2π, 2π) and such that T (ψ, θ, 0) = ρ0 . This two-torus is
asymptotically stable if µ < 0, and is unstable if µ > 0.
Proof:
We rescale ψ and θ as follows:
ψ → ωrot ψ,

θ → 2πθ,

and (5.10) becomes
ρ̇

= ε R(ψ, θ, ρ, ε)
(5.11)

ψ̇ = 1 + ε P (ψ, θ, ρ, ε)
θ̇

= 1,

where R(ψ, θ, ρ, ε) = Re H(ψ, θ, ρ, ε) and P (ψ, θ, ρ, ε) = −
by
J(ρ) = −

1
ωrot ρ

1
ωrot ρ

Im H(ψ, θ, ρ, ε). Define J(ρ)

Im [MH,(ψ,θ) (ρ, 0)],

and rewrite (5.11) as
ρ̇

= ε I(ρ) + ε [R(ψ, θ, ρ, 0) − I(ρ)] + ε [R(ψ, θ, ρ, ε) − R(ψ, θ, ρ, 0)]

ψ̇ = 1 + ε J(ρ) + ε [P (ψ, θ, ρ, 0) − J(ρ)] + ε [P (ψ, θ, ρ, ε) − P (ψ, θ, ρ, 0)]
θ̇

= 1.
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(5.12)

By Lemma 5.6 and Lemma 5.9, there exists a vector function y(ψ, θ, ρ, ε) ∈ R3 multiply
periodic in (ψ, θ) with period vector (2π/ωrot , 1) and such that the function


R(ψ, θ, ρ, ε) =











∂y ρ ∂y ρ
R(ψ, θ, ρ, 0) − I(ρ) −
−

∂ψ
∂θ 

∂y ψ ∂y ψ 

P (ψ, θ, ρ, 0) − J(ρ) −
−
∂ψ
∂θ 


∂y θ ∂y θ

−
−
∂ψ
∂θ


as well as the functions εy, ε∂y/∂ψ, ε∂y/∂θ, ε∂y/∂ρ, ∂R/∂ψ, ∂R/∂θ, ∂R/∂ρ tend to zero
as ε → 0, uniformly in ψ ∈ R, θ ∈ R, ρ in compact sets. Performing the near identity
change of variables
ρ = ρ̂ + εy ρ(ψ̂, θ̂, ρ̂, ε), ψ = ψ̂ + εy ψ (ψ̂, θ̂, ρ̂, ε), θ = θ̂ + εy θ (ψ̂, θ̂, ρ̂, ε)
transforms (5.12) into the equivalent system (upon dropping the hats)
ρ̇

= εI(ρ) + εF ρ (ψ, θ, ρ, ε)

ψ̇ = 1 + εJ(ρ) + εF ψ (ψ, θ, ρ, ε)
θ̇

(5.13)

= 1 + εF θ (ψ, θ, ρ, ε),

where the continuous functions F ρ,ψ,θ and their partial derivatives with respect to ψ, θ, ρ
tend to zero as ε → 0, for all ψ ∈ R, θ ∈ R, ρ in compact sets. Finally, setting ρ = ρ0 + x
transforms (5.13) into
ẋ = εµx + εF (ψ, θ, x, ε)
ψ̇ = 1 + εJ(ρ0 ) + εΘ1 (ψ, θ, x, ε)
θ̇

(5.14)

= 1 + εΘ2 (ψ, θ, x, ε),

where the functions F , Θ1 , Θ2 are such that the conditions (C1)–(C4) of Theorem 5.8 are
satisfied, the matrix A is the constant µ, and LΘ
φ (0, ε) → 0 as ε → 0. The conclusion of this
theorem thus follows from Theorem 5.8.
We now consider the case where ωrot /2π = q/ℓ, where q and ℓ are coprime integers, ℓ > 1.
Writing
w = ξe−iqθ/ℓ ,
(5.15)
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(5.9) becomes
ξ˙ = εeiqθ/ℓ H w (ξe−iqθ/ℓ , ξ̄eiqθ/ℓ , θ, ε)

(5.16)

θ̇ = 2π.
Lemma 5.11 Consider the function H defined by
¯ iqθ/ℓ , θ, ε).
H(θ, ξ, ξ̄, ε) = eiqθ/ℓ H w (ξe−iqθ/ℓ , ξe

(5.17)

The mean value MH,θ (ξ, ξ̄, ε) exists, is independent of θ, and is Zℓ -equivariant, i.e. it is such
that
¯ ε) = eiφ MH,θ (ξ, ξ̄, ε), ∀φ = 2πm/ℓ, m = 0, . . . , ℓ − 1.
MH,θ (eiφ ξ, e−iφ ξ,

Proof: Since θ is a scalar and H is periodic in θ, then the fact that MH,θ (ξ, ξ̄, ε) exists and
is independent of θ follows from Remark 5.5.
Write
∞
H w (η, η, θ, ε) =

X

Hk (η, η, ε)eikθ .

k=−∞

Also, write
eiqθ/ℓ Hk (ξe−iqθ/ℓ , ξeiqθ/ℓ , ε) =

∞
X

Hkj (ξ, ξ, ε)eiqjθ/ℓ .

j=−∞

We then have
iqθ/ℓ

e

w

−iqθ/ℓ

H (ξe

iqθ/ℓ

, ξe

, θ, ε) =

∞
X

k=−∞

From (5.5), we see that
MH,θ (ξ, ξ, ε) =

∞
X




∞
X

Hkj (ξ, ξ, ε)e

j=−∞



iqjθ/ℓ  ikθ

e

.

(5.18)

H−nq,nℓ (ξ, ξ, ε).

n=−∞

For φ = 2πm/ℓ, m = 1, . . . , ℓ − 1, we have
e−iφ MH,θ (eiφ ξ, e−iφ ξ, ε) =
1 Z T −2πm/q iq(θ+t)/ℓ w −iq(θ+t)/ℓ iq(θ+t)/ℓ
lim
e
H (ξe
, ξe
, θ + t + 2πm/q, ε) dt.
T →∞ T
−2πm/q
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(5.19)

However,
eiq(θ+t)/ℓ H w (ξe−iq(θ+t)/ℓ , ξeiq(θ+t)/ℓ , θ + t + 2πm/q, ε) =
∞
X

∞
X

Hkj (ξ, ξ, ε)eijqθ/ℓ eikθ ei(jq/ℓ+k)t e2πikm/q

(5.20)

k=−∞ j=−∞

from which it follows that (5.19) yields
e−iφ MH,θ (eiφ ξ, e−iφ ξ, ε) =

∞
X

H−nq,nℓ (ξ, ξ, ε) = MH,θ (ξ, ξ, ε).

n=−∞

Remark 5.12 Of course, this Zℓ -symmetry arises because in the case ωrot /2π ∈ Q, the
flow of the time-one map of (5.3) at ε = 0 on the invariant circles is foliated by periodic
orbits of period ℓ. In contrast, in the case where ωrot /2π is irrational, the flow of the timeone map of (5.3) is ergodic, and Lemma 5.9 implies that the mean value of H in (5.8) is
SO(2) -equivariant.
Therefore, in the rational case (i.e. ωrot /2π = q/ℓ), the averaged vector field is Zℓ equivariant, so non-trivial equilibrium points come in group orbits of ℓ points, and each
point has the same asymptotic stability properties as its conjugate points (see [13]). Also, all
periodic orbits of the averaged vector field must have (maximal possible) Zℓ spatio-temporal
symmetry since the vector field is planar.
˜
Theorem 5.13 Suppose ωrot /2π = q/ℓ, where q and ℓ are coprime integers, ℓ > 1. Let ξ(t)
˙
be a hyperbolic periodic solution (possibly an equilibrium point) of the equation ξ = h0 (ξ, ξ̄),
where
¯ = MH,θ (ξ, ξ̄, 0),
h0 (ξ, ξ)
and H is as in (5.17). Then for all ε > 0 small enough, the system (5.9) has a hyperbolic
˜ is a non-trivial periodic solution), or is a
invariant set T (ε) which is either a two-torus (if ξ(t)
˜
periodic solution with period ℓ (if ξ(t) is an equilibrium point). Moreover, if (w(t, ε), 2πt+θ0)
˜ 0 )e−iωrot t for some ψ0 ∈ R.
denotes a solution curve of (5.9) on T (ε), then w(t, 0) = ξ(ψ
˜ is asymptotically stable for ξ˙ = h0 (ξ, ξ̄) then T (ε) is an asymptotically stable
Finally, if ξ(t)
˜ is unstable, then T (ε) is an unstable invariant set.
invariant set of (5.9). If = ξ(t)
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Proof: Using Lemma 5.6, Remark 5.7 and Lemma 5.11, we can perform a near identity
change of coordinates which transforms (5.9) into
ξ˙ = εh0 (ξ, ξ̄) + ε2 h(θ, ξ, ξ̄, ε)

(5.21)

θ̇ = 2π,
where h is smooth and 2π-periodic in θ.
Scaling time by a factor 1/ε and integrating the θ̇ equation transforms (5.21) into a
rapidly periodically forced differential equation:
ξ˙ = h0 (ξ, ξ) + εh(2πt/ε, ξ, ξ, ε).

(5.22)

Choose kε ∈ N such that τε = εℓkε has minimal distance from 1. Let Φ(t, t0 ; ξ0, ξ¯0 , ε) denote
the time-evolution of (5.22). Since the perturbation in (5.22) is of the form εh(2πt/ε, ξ, ξ, ε)
¯
where h is smooth, the time τε map Φ(τε , 0; ξ, ξ̄, ε) and its ξ and ξ-derivatives
are small
perturbations of the time 1 map Φ(1, 0; ξ, ξ̄, 0) of the unperturbed system and its derivatives.
Therefore using invariant manifold theory [19] we conclude that the normally hyperbolic
˜ persists as an invariant set (with same stability properties) of the map
periodic solution ξ(t)
Φ(τε , 0; ξ, ξ̄, ε) and, by (5.15), as an invariant 2-torus (or periodic solution) of (5.9).

5.2

Perturbation of modulated traveling waves

We now study the effects of a general translation symmetry-breaking perturbation on modulated traveling waves.
To better understand the dynamics when the translation symmetry is broken, it is helpful
to have the following picture in mind. Project the extended plane p ∈ R2 onto the Riemann
sphere with the north pole corresponding to the point at infinity and the south pole corresponding to the origin. In this setting, modulated rotating waves rotating around the origin
in the plane will have a very large meander radius in the plane if they have a small meander
radius around the north pole on the sphere. The rotation eiϕ is just a rotation around the
axis of the sphere through the north and south pole. Translations however can not be interpreted so easily on the sphere. But the ṗ-equation in the corotating frame does not possess
translational symmetry anyhow. The SE(2)-orbit of the modulated traveling wave can be
interpreted, in terms of the time-one map, as infinitely many homoclinic orbits to the fixed
point at the north pole. In this section, we will study what happens to this (degenerate)
fixed point when the translational symmetry is broken.
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We choose appropriate coordinates [28] so that the differential equations on the group
orbit of the modulated traveling wave have the form:
ṗ = eiϕ [v + εGp (pe−iϕ , peiϕ , θ, ε)]
ϕ̇ = εGϕ (pe−iϕ , peiϕ , θ, ε)
θ̇

(5.23)

= 2π + εGθ (pe−iϕ , peiϕ , θ, ε),

where v 6= 0 is the constant (complex) drift speed of the modulated traveling wave.
Reparametrizing time as was done at the beginning of this section for modulated rotating
waves, and setting w = pe−iϕ , we get the following system of equations:
ẇ = v + εH w (w, w, θ, ε)
ϕ̇ = εH ϕ (w, w, θ, ε)
θ̇

(5.24)

= 2π,

where
H w (w, w, θ, 0) = Gp (w, w, θ, 0) −

vGθ (w, w, θ, 0)
− iwGϕ (w, w, θ, 0),
2π

(5.25)

and
H ϕ (w, w, θ, 0) = Gϕ (w, w, θ, 0).
After integrating the θ̇ equation, get
ẇ = v + εH w (w, w, 2πt + θ0 , ε)
ϕ̇ = εH ϕ (w, w, 2πt + θ0 , ε),

(5.26)
(5.27)

where H w and H ϕ are 1-periodic in t and H ϕ is real-valued.
As was the case for traveling waves (studied in section 4.3), the point at infinity is of
crucial importance in order to understand the effects on the symmetry-breaking perturbation
near a modulated traveling wave. For this reason, we perform the change of coordinate
w = 1/z. Then (5.26) becomes
ż = −vz 2 + ε C(z, z, t, ε),

(5.28)

C(z, z, t, ε) ≡ −z 2 H w (1/z, 1/z, 2πt + θ0 , ε)

(5.29)

where
We will assume conditions similar to those of Hypothesis 4.5 on the perturbation functions
Gp , Gϕ and Gθ in (5.23). Namely we will assume:
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Hypothesis 5.14 The components Gp , Gϕ and Gθ in (5.23) are bounded (as was shown to
be the case for a bounded perturbation of a reaction-diffusion PDE (3.2)), and C in (5.29)
has the following form near (z, z, ε) = (0, 0, 0):
C(z, z, t, ε) = iz[c1 (t)+c2 (t) z+c2 (t) z+c3 (t)ε+R1 (z, z, t, ε)]+z 2 [c4 (t)+R2 (z, z, t, ε)], (5.30)
where c1,2,3,4 , R1 and R2 are 1-periodic in t and smooth; c1 , c3 and R1 are real-valued; c2 , c4
and R2 are complex-valued; R1 is of order 2 in (z, z, ε) uniformly in t, and R2 is of order 1
in (z, z, ε) uniformly in t. (Note that the term iz[c1 + c2 z + c2 z + c3 ε + R1 ] comes from the
term iwGϕ in (5.25).)
Let Φ(t, z, z, ε) denote the flow for (5.28). Then the time-one map P (z, z, ε) = Φ(1, z, z, ε)
is such that P (0, 0, 0) = 0. We would like to compute the leading-order terms in the Taylor
expansion of P near (z, z, ε) = (0, 0, 0). Knowing that Φ(t, z, z, 0) = z/(1 + vtz), we have
that Φε (t, z, z, 0) satisfies the initial value problem
−2vz
∂
[Φε (t, z, z, 0)] =
[Φε (t, z, z, 0)]+C(z/(1+vtz), z/(1+vtz), t, 0),
∂t
1 + vtz

Φε (0, z, z, 0) = 0,

(5.31)
and further partial derivatives of Φ with respect to ε are obtained by solving other variational
equations. We can compute the Taylor expansion of P near the origin to any desired order
by setting up and solving as many of these variational equations for higher-order derivatives
of Φ as needed.
Using (5.30) and (5.31), we compute
1
P (z, z, ε) = z − vz 2 + v 2 z 3 + εz[γ1 + γ2 z + γ3 z + ( γ12 + γ4 )ε + R(z, z, ε)],
2

(5.32)

where R is of order 2 in (z, z, ε), and the coefficients γj are given by a lengthy computation,
the results of which are
γ1 = i

Z

0

1

c1 (t) dt,
γ3 = i

γ2 =
Z

0

1

Z

1
0

[c4 (t) + ic2 (t) + ivtc1 (t) − 2ivc1 (t)] dt,

c2 (t) dt,

γ4 = i

To find non-trivial bifurcating solutions, we solve

Z

P (z, z, ε) − z
=0
z
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0

1

c3 (t) dt.

using the implicit function theorem. The unique bifurcating solution is
z(ε) = α1 ε + α2 ε2 + O(ε3),
where implicit differentiation leads to
α1 =

γ1
v

α2 =

3 γ12 γ1 γ2 γ1 γ3 γ4
+ 2 −
+ .
2 v
v
vv
v

One can verify that the eigenvalues of this non-trivial fixed point are a complex conjugate
pair, whose product is
"
#
2 −γ1 (γ3 v − γ3 v)
1+ε
+ O(ε3 ).
(5.33)
vv
Note that the coefficient of ε2 in (5.33) is given in terms of the functions c1 (t) and c2 (t) in
(5.30) by
#
"R 1
#
"
Z 1

−γ1 (γ3 v − γ3 v)
0 c2 (t) dt
= −2
.
(5.34)
c1 (t) dt Re
ζ≡
vv
v
0
Theorem 5.15 For small values of ε > 0, the non-trivial fixed point of the map (5.32) is
locally asymptotically stable (resp. unstable) if ζ < 0 (resp. > 0).
Similarly to the case of traveling waves in section 4.3, the fixed point at the origin is a
center for small ε > 0.
R
We make the generic assumption that the mean value 01 c1 (t)dt of c1 (t) is non-zero. Then
a computation of the first Liapunov coefficient of this center (see [21, (4.21)], for the formula)
yields
"R 1
#
|v|2
0 c2 (t) dt
Re
+ O(ε),
R1
v
0 c1 (t) dt
and so there is an exchange of stability between the fixed points at the bifurcation, which is
completely analogous to the case for traveling waves in section 4.3.

5.3

A numerical example

For the sake of brevity, we give here the results of only one numerical experiment for (2.7).
We have used the 4th order Runge-Kutta integrator of DsTool with a maximum time step
size of 0.03 to perform the integrations, and the following data:
F p = 0.3 + 0.14 cos θ,

ωrot = 0.3,

ωper = 0.429787, ε = 0.025, F ϕ = 0, Gθ = 0,
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and Gϕ , Gp are exactly as in (4.23).
In Figure 11, we superimpose the results of the spiral tip motion (4.4) with z0 −p(0) = 0.2
for two integrations of (2.7) with perturbation as above and the following respective initial
conditions:
ϕ(0) = 0,
p(0) = 2.090 − 1.904i
(5.35)
ϕ(0) = 0,
p(0) = 0.618 − 1.286i.
The length of the interval of integration is 2100 time units in the first integration, and 450
time units in the second integration. Depending on the initial conditions, the spiral tip
either settles to a modulated rotating wave rotating around the origin, or it settles to a
three-frequency motion around an annular region. Figure 11 should be compared to Figures
5 and 6 of [15]. There, the translation symmetry is broken by a pulse of light. Depending on
initial conditions, they observe either an “entrainment attractor” (modulated rotating wave)
or a “resonance attractor” (three-frequency motion with large radius).

6

-6

6

-6

Figure 11: Results of numerical integrations of (2.7), with a perturbation similar to Figure
10 c) and initial conditions (5.35). The first initial condition is attracted to a three-frequency
state, while the second initial condition is attracted to a modulated rotating wave rotating
around the origin.
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Spiral Waves by Localized Inhomogeneities in Excitable Media. Phys. Rev. E, 58 R2689
– R2692, 1998.
[26] J.A. Sanders and F. Verhulst. Averaging Methods in Nonlinear Dynamical Systems.
Applied Mathematical Sciences, 59, Springer-Verlag, New York, 1985.
[27] B. Sandstede, A. Scheel, and C. Wulff. Dynamics of spiral waves on unbounded domains
using center-manifold reductions. J. Diff. Eq., 141 122 – 149, 1997.
[28] B. Sandstede, A. Scheel, and C. Wulff. Bifurcation and Dynamics of Spiral Waves. J.
Nonlin. Sc., 9 439 – 478, 1999.
[29] A. Vanderbauwhede. Symmetry and Bifurcation Near Families of Solutions. J. Diff.
Eq., 36, 173-187, 1980.
[30] C. Wulff. Theory of Meandering and Drifting Spiral Waves in Reaction-Diffusion Systems. Freie Universität Berlin, Thesis, 1996.
[31] Y.A. Yermakova and A.M. Pertsov. Interaction of Rotating Spiral Waves with a Boundary. Biophys., 31 932 – 940, 1986.
[32] V.S. Zykov and S.C. Müller. Spiral Waves on Circular and Spherical Domains of Excitable Medium. Physica D, 97 322 – 332, 1996.

41

