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Abstract The results of a wavelet analysis of data from discrete elemmdelling (DEM) simulations of
samples under biaxial compression are presented. We shova inavelet technique may be used to nd the
strain scales on which critical events occur and to idemé&fjions both in space and in strain when particles in
the sample undergo signi cant activity. The wavelet analysdicates that most activity occurs along a line,
and this line coincides with a localization or shear band tieelops in the specimen during compression.
The location of this shear band can be visually identi ed lmnsidering the cumulative particle rotation.
Furthermore, using cross-correlation we show that thecjal stress ratio is correlated with the porosity
of the sample along this line. In order to investigate theusbbess of the technique, the wavelet analysis is

carried out on two different size specimens that both sh@xstime general phenomena.
Keywords Wavelet analysisDEM simulation biaxial compression
1 Introduction

Constructing a complete theoretical understanding of &abiour of granular materials remains an open and

challenging question. While signi cant insights have bgamed through the use of continuum models, such
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models have dif culty capturing the inhomogeneous behawibat is characteristic of granular materials such
as avalanching in sand piles and the formation of slip plamesaterials under compression. Consequently,
increasingly, simulation studies using techniques sudtissete element modelling (DEM) provide an in-
valuable method of investigating the particle-scale exttions underlying granular material response in a
range of disciplines including chemical engineering [1124], mechanical engineering [10], soil mechanics
[23; 4; 15; 7], pharmaceuticals [13], agriculture and foedgessing.

DEM simulations model granular material at the particldsd@ased on classical mechanical ideas, equa-
tions detailing the forces acting on each individual péetéare derived. These equations are integrated in time,
and at each timestep the position, translational and ootakivelocity, forces and torques acting on each indi-
vidual particle are calculated. Since DEM simulations¢gtly use thousands, even hundreds of thousands, of
particles there are signi cant questions as to how best traekphysical understanding from the data. At the
most basic level, itis often impractical to output all infeation at every timestep of the numerical integration,
and a decision on how frequently to output data has to be nede result, data from simulations is typically
presented in one of two ways. Either individual particleomnfiation is used to calculate bulk properties such
as coordination number and porosity as in [17; 24] or snassbfdhe sample at a few selected times are given
showing individual particles/regions coloured accordiagheir velocity, cumulative rotation, displacement
or the magnitude of the contact forces between neighboyanticles, see for example, [7].

Post-processing of DEM data using wavelet techniques has fmeind to be effective in investigating
hopper ows. [18; 19; 22]. In this paper, we explore the usenaivelet techniques to analyse data from
a different physical scenario: a relatively dense sampldgeumplanar biaxial strain. This exhibits a strain-
softening type phenomena and a distinct localization pesk is evident [16]. As a consequence of the
localizations, the post-peak response is not homogenéomsghout the specimen and these simulations are
well-suited to assess whether the wavelet analysis metiodftectively capture inhomogeneities in granular
material response.

We focus on the three quantities: the relative variationhaf inajor and minor principal stresses, the
porosity and the coordination number. By splitting the skmto a number of sub-regions we illustrate how
wavelets enable typical scales on which “peak events” ialatiess, porosity and coordination number occur
to be identi ed. Furthermore, the location of the regiongtbim strain (time) and space where “peak events”
occur can be found. We show that the strain/space regionpadK events” compare well with regions of
maximum cumulative rotation of the particles. We also usssicorrelation to show that changes in porosity
are correlated to changes in axial stress on some wavelessca

Although the results we present are for an analysis of a DENUKition in two space dimensions, the
wavelet method can be readily extended to analysis of data three-dimensional simulations. Since the
wavelet analysis does not require large quantities of daéamethod could be used as a pre-processing tool
to identify an appropriate sampling strain and a strairdspagion for more data intensive methods to focus

on.



The paper is organised as follows. In section 2 details oXE& biaxial compression simulations are
given and in section 3 we give a brief outline of the wavelkehsform. The results of the application of wavelet
analysis to local averages for stress, porosity and coatidin number are presented in section 4 along with
a comparison with plots of the cumulative particle rotatidtom the same simulation studies. We end with a

brief summary of the main ndings to date in section 5.

2 Simulation details

Data from simulations of biaxial compression tests on déwsalimensional assemblies of disks, as given in
[16], was considered. The simulations were from two difféigpecimens with different numbers of particles.
Specimen A consisted of 5728 disks in a region initially oflthi 9 cm and height 18 cm. Specimen B
consisted of 12512 disks in a region initially of width 18cnddeight 36cm. The particle radii were uniformly
distributed between 0.075 cm and 0.100 cm with an initiabpiy in both cases of 0.01. The specimens
were bounded above and below by rigid walls, while the ldtecandaries were modelled using a “stress
controlled membrane” that mimics the latex membranes affyicised in soil mechanics triaxial tests. This
works by identifying the exterior discs and forces are agaplio these discs so that the stress applied along
the two vertical boundaries remains constant during theuksition. The specimens were compressed in a
strain controlled simulation, with the top boundary movidgwnwards at a constant velocity of 0.02981
cm/s for specimen A and 0.02966 cm/s for specimen B. The sitiouls were carried out using the PFC 2D
code (Itasca [9]). In both the normal and shear directioastintact was modelled using linear springs with a
stiffness of 5 10’ N/m, the density of the disks was assumed to bel2’°kg/m? (scaled to reduce simulation
time), the global damping coef cient was set t?pand the coef cient of interparticle friction was assumed
to be 0.3, typical of smooth dry near-spherical particled.[Eurther details of the simulation approach can
be found in [14]. We note that density scaling is often useduasi-static simulations and does not alter
the underlying observed physical phenomena. For exampiesriton [23] scaled his particle densities by a
factor of 13, O'Sullivan et al.[16] scaled their density values by a factor of ¥or their two dimensional
simulations and these simulations were carefully validaigainst physical test data. Care was taken to ensure
that the particles were in a “quasi-static” state throudltbe simulations presented here (the forces along the
top and bottom boundaries were monitored to ensure thatwieeg approximately equal). The simulations
for specimen A/B were run to total axial strains of 12% andb¥respectively.

As noted above, the simulations have the capacity to prolduge amounts of data. Two different sets of
data for each simulation were recorded. In the rst set, tialtaxial strain was divided into 25 intervals. For
each strain interval the total cumulative rotation for epatticle in the interval was calculated and saved. The
second set of data consisted of measurements of the porositydination number and principal stress ratio
averaged over speci ed sub domains. In order to retain sqragiad information, 23 circular sub-domains or

“measurement circles” were selected, as illustrated fecspen A in Figure 1. A circular geometry for the



sub-domains was used as it is an inbuilt function within PlR@rmation was output at axial strain intervals
of 8:1152 10 © for specimen A and axial strain intervals a#374 10 © for specimen B.

The coordination numbel was calculated using
N= —; 1)

whereN; is the number of contacts within the measurement circlegnés the number of particles. The
average stress tenssy; was calculated from

— 1

Sij= S (= xy) 2

Ve
whereV is the area of the measurement cirdg|s the contact force vector at contat = X x@is the
branch vector connecting two contacting particeeandb, with centroids andx?. From the stress tensor

the principal stress ratio
S1 Ss,
S1+ 83’

was constructed, wherg; and s3 are the principal stresses calculated from the eigenvalfi¢ise stress
tensor. The data was saved at equal strain intervals ana#ion of the measurement circles remained xed
during loading.

The biaxial simulations considered in this study are analggo strain controlled triaxial tests typically
used in experimental soil mechanics to analyse soil regpoharacteristics. In a physical test the specimen

is subject to an all round con ning pressuig, and the deviator stress, Sy, is measured using a load cell

placed between the specimen and the loading frame. Sincstries ratio§:+ z:, versus strain is a common
way of representing laboratory data, the analogous qyamts also computed from the simulation. In the
simulation, s; is equivalent to the stress imposed along the vertical baies, and the axial stress, is

determined by integrating the contact forces along thel tigirizontal boundaries.



Fig. 1 The position of the 23 different measurement circles on Bpec A

3 Wavelet analysis

The wavelet transform is a method of converting a signal acfion into another form which either makes
features of the original signal more amenable or allows ftigiral data set to be described more succinctly.
The better known fast Fourier transform allows one to sigaal up according to the amount (weight) of the
signal at each frequency. The wavelet transform is sintilatrjinstead of using global basis functions like sine
and cosine, considers basis functions that are localizepane. Consequently, wavelet transform techniques,
unlike Fourier transforms, are particularly good for stindysignals/time series that are non-stationary and/or
contain sudden jumps. The basis functiopgy, used by the wavelet analysis are derived from a “mother

wavelet’y (t) and are de neld by a series ¢fdilations andk translations,
1 t kbpal

yixt)= =y ,- %
a %

whereag > 1is xed and gives the dilation factor aru= boaé, is the translation step at scajeHere, we

; (3)

chooseag = 2;bp = 1 so that both dilation and translation are based on poweavgmfThis is known as dyadic
sampling.

The particular kind of wavelet analysis considered is kn@sra multiresolution analysis (MRA). This
takes a signal/time series of the font,);n= 1::N and splits it into two sets of subsignals. The rst set of

subsignals is known as the detdilg, and are de ned by
N

Dj= & dijyjx (4)
k=1

where the weightgj;;; are given by

N
dij = & X(t)Y jik(tn): (5)

n=1



The details give the amount of the signal at each wavele¢ saddereD; is the nest scale. The second set of

subsignals is known as the approximations and is de ned by

Aj=x @ D (6)
i=1

Each approximatiod; represents the signal with all the ner structure (detadhtained in thg 1 details

Itered out.

There are several different mother wavelets that are corhmased, each has a different shape and is
localized over a different numbers of data points, thatés, diifferent “support”. Which wavelet is appropriate
for a given time series depends on the features that one svishextract: if a feature has a particular shape
then a wavelet that mimics that shape will re ect most clg#tie characteristics of this feature. For example,
if the signal contains sudden jumps between different &vben a wavelet that has jumps, such as the Haar
wavelet, will show best how big and where the jumps occur. EMDsimulations of granular processes the
time series tend to be spiky and it is for this reason that i@ chies wavelet db2 was used. Fuller discussion
of the issues relating to wavelet choice are given in [8; 6; 2]

A thorough guide to the theory underlying wavelets is giverj20]. For a survey of the application of
wavelets to different physical problems see in [2] and foracpcal guide to the implementation of wavelet
analysis see [5]. The MRA contained in this paper was peréorosing MATLAB.

4 Results

4.1 Specimen A

We rst consider the simulation results for the axial strégﬁg—[ as a function of axial strain. As can be seen
in Figure 2, the response of the specimen is analogous tesponse of a slightly dense sand, the stress ratio
increases up to a peak value of 0.376 at an axial strair28b1Post-peak, there is a decrease in the mobilised
stresses, with a residual stress ratio of aboR25Weing attained between 6% and 12% strain.

In Figure 3 the results of applying an MRA to the stress ratiomesented. In Figure 3 (a) the stress ratio
versus strain is shown whereas each of the detalil coef si&ntthrough toDg are shown in Figures 3 (b)-(h)
respectively. The maximum of the stress ratio can be idedtparticularly well inD,; D3 andD4 where there
is a sharp transition from a wavelet coef cient that is vergadl to one that is moderate at a strain value of
1.2%.

In order to investigate whether any spatial structure wagié using the MRA technique, MRA was
applied to the principal stress ratio data for each measememircle. A typical set of results is shown in
Figure 4, in this case for circle 21. The graph in Figure 4{&ves the principal stress ratio versus the axial
strain for circle 21. This data shows similar charactersstio the stress ratio from the bulk response (as
illustrated in Figure 2) with a relatively smooth increag@atiocal maximum value of:8435 at an axial strain

value of 117% before levelling off to an approximately constant level



Stress Ratio Versus Axial Strain
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Fig. 2 Specimen A: Stress ratige; ¢ versus axial strain.

Detail | strain scale| space scalg space scale
(%) (cm) (mean particle diameters
D1 0.0008 0.000146 0.0017
D2 0.0016 0.000292 0.0033
D3 0.0032 0.000584 0.0067
D4 0.0065 0.001168 0.0134
D5 0.0130 0.002337 0.0267
D6 0.0260 0.004674 0.0534
D7 0.0519 0.009349 0.1684

Table 1 Strain and space scales related to the detail coef cientsgecimen A. The space scale in mean particle diameters is
calculated by dividing the space scale measured in cermgsiby the mean particle diameter)875cm.

Figure 4(b)-(h) show the wavelet detail coef cierids through toDg. Note that the maximum value of
the magnitude of the coef cients for the lower detail cogéats is small suggesting that principal stress ratio
changes on scale 8f,, D3 andD4 are small. As is particularly clear D, there are a number of peaks events
that are localized in strain. Each detail corresponds tdfardit strain scale. Using the strain and the height

of the specimen one can also relate the strain to a space asalemmarised in Table 1.

Similar peaks were seen in the wavelet analysis for the @&Beircles. In order to systematically identify
if the peaks in the details correlated to a particular spatiacture/time structure, for each circle, each detail
Dj, was divided into 25 equal intervals in time. For each irdérthe maximum absolute value of the detail
coef cient was evaluated. Each circle was then shaded daugto this value. Typical examples are shown

in Figure 5 forD3, D7 andDg and for three different axial strain intervals.

In D3 (and similarly forD», not shown here), the sample appears fairly homogeneoubdittlié variation

in the shading in the main part of the specimen but signi ativity in the corners. For the strain interval of
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Fig. 3 Specimen A: MRA of the stress ra@;%:. (a) shows the stress ratio versus the strain, (b)-(h) shewlé¢tail coef cients
D, through toDsg.

5.31% to 5.80% at scal®;, Figure 5(d), the shading indicates that there is littldigpatructure. However in
the second strain interval, Figure 5(e), the maximum vafuberdetail coef cientDy is relatively large along
a line from the top left sloping down to the middle at the thghti In the third strain interval, Figure 5(f), the
sample is again much more homogeneous. At dogla similar pattern emerges, Figure 5(g)(i).

An MRA analysis of local porosity and coordination numbersvedso carried out. Results are shown in
Figures 6 for the detaiD;. Here it is particularly clear that maximum values of theadletoef cient Dy
occur along a line from the top left to bottom right and alsattthe magnitude of the maximum value as a
function of strain: for example, in the rst strain incremtg®.31% to 5.80%) shown in Figure 6(a) and (d)
the specimen appears much more homogeneous than in thelstin increment (5.80%-6.28%) (Figure 6
(c) and (d)).

These results may be compared with the cumulative rotatsoshawn in Figure 7 for the same strain
intervals. The cumulative rotation is the net rotation eigreced by each particle over the current strain

interval. The cumulative rotations indicate that there tdear localization of rotational activity, indicative of



Principal stress ratio of circle 21
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Fig. 4 MRA of the principal stress ratiéi)r—zg for circle 21. (a) shows the principal stress ratio verssdtnain, (b)-(h) show
the detail coef cientdD, through toDg.

a shear band, along a line that passes through circles 13, 2é,and 6 (see Figure 1) in a position consistent
with the results from the MRA technique.

From Figure 7 it is also clear that the cumulative rotatiofaige in the corners of the specimen. This
is a result of the lateral boundary conditions: the exiblemmbrane condition used in the simulation allows
the particles to move more freely than if rigid boundary dtinds were applied. While this means that
localisations are seen more readily it also results in lgggdl constraint and the consequent large cumulative
rotation of the particles in the corners. This corner effesnt also be seen in the wavelet coef ciebis(see
Figure 5(1)-(c)).

4.2 Specimen B

In order to further test the wavelet technique, data fromsheond larger specimen was considered. This
larger specimen shows a similar kind of response to specAné@nFigure 8 the stress ratio versus the strain
is shown for specimen B overlaid on the analogous graph fecispen A. The characteristic contact loading
followed by slippage is again visible.

As for specimen A, specimen B was divided into 23 circlesc8ithe aspect ratio is the same as for
specimen A, these have the same relative position as inmapach but each circle contains more particles.
The data for principal stress ratio, coordination numbed parosity was analysed in an identical manner

to that for specimen A: the MRA was applied and then the tdtairs interval was divided into 25 equal
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Strain increment 5.31% to 5.80% Strain increment 5.80% to 6.28% Strain increment 6.28% to 6.77%

(a) Scale D3 (b) Scale D3 (c) Scale D3

Strain increment 5.31% to 5.80% Strain increment 5.80% to 6.28% Strain increment 6.28% to 6.77%

(d) Scale D7 (e) Scale D7 (f) Scale D7

Strain increment 5.31% to 5.80% Strain increment 5.80% to 6.28% Strain increment 6.28% to 6.77%

(g) Scale D8 (h) Scale D8 (i) Scale D8

Fig. 5 Sub-regions of the sample shaded according to the magrofuttie MRA detail coef cients for the principal stress ratio
(specimen A). Three different levels of detdl4;D; and Dg) and three successive strain increments (5.31%-5.80%%%.8
6.28% and 6.28%-6.77%) are shown.
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Strain increment 5.31% to 5.80% Strain increment 5.80% to 6.28% Strain increment 6.28% to 6.77%

Strain increment 5.31% to 5.80% Strain increment 5.80% to 6.28% Strain increment 6.28% to 6.77%

0 0.05

(d) (e) (®

Fig. 6 Sub-regions of the sample shaded according to the magrofuitie MRA detail coef cients for (a-c) porosity and (d-f)
coordination number dd7. The same three strain intervals as shown for the principess ratio in Figure 5 (Specimen A) were
used.

intervals and the circles were shaded according to the maxiabsolute value of the MRA detail coef cient
for each interval. Since again most activity was at the ladggails, onlyD7 is shown. The relation between
the different detail coef cients and strain/space scategiven in Table 2. Figure 9 shows shaded circles
for Dy for stress ratio, porosity and coordination number for ¢hsérain intervals. The shading shows that
D~ is not homogeneous in either strain or space, with this tinestractivity typically occurring (for these
strain intervals) along a line from the top right down to thieldbe left. These results can be compared to the
localizations shown by the cumulative rotations in Figude 1
It can be seen that in this particular case the localizatawses through a region where the measurement

circles overlap. In order to see if moving the measuremeantas signi cantly changes the results, the 23
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Sirain incremeni 5.32% (o 5.80% Srain increment 5.80% to 6.28% Sirain increment 8.26% ta 8.77%

Fig. 7 Particles shaded according to the absolute value of theiutative rotation for the three successive strain intervesled
in Figures 5 and 6 (Specimen A). These cumulative rotatiotspdre useful for identifying visually the location of sfyanes
in the specimen.
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Fig. 8 Stress raticg2; " versus axial strain for specimens A and B.

measurement circles for specimen B were moved down andpasish Figure 11 and the MRA calculations
repeated. Figure 12 shows shaded circles correspondihgitatagnitude of MRA in each axial strain, where
only D7 has been shown. The localization is still visible, althotlglhshading within individual circles is, not

surprisingly, different.
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Fig. 9 Sub-regions of the sample shaded according to the magnituitee MRA detail coef cientD7 for specimen B. Three
different strain intervals, 0.62%-1.24%, 1.86%-2.48% amB%-3.10%, are shown. (a-c) stress; (d-f) porosity;) @Ad coor-
dination number.
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Fig. 10 Particles shaded according to the absolute value of theiutative rotation for the three different axial strain inials
used in Figure 9 (Specimen B). The position of the sub-regame also shown.

Fig. 11 New position of the sub-regions once the measurement sihdee been moved down. The cumulative rotations for the
same strain intervals as those shown in Figure 10 are als@lo
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Fig. 12 Sub-regions shaded according to the maximum absolute wditree MRA detail coef cientD7 for (a-c) stress; (d-f)
porosity; (e-h) coordination number (Specimen B). The sdmee strain intervals used for Figure 9 are shown
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Detail | strain scale| space scalg space scale
(%) (cm) (mean particle diameters
D1 0.0005 0.000196 0.0022
D2 0.0011 0.000391 0.0045
D3 0.0022 0.000783 0.0089
D4 0.0043 0.001566 0.0179
D5 0.0087 0.003132 0.0358
D6 0.0171 0.006264 0.0716
D7 0.0348 0.012528 0.1432

Table 2 Space and strain scales related to detail coef cients fecspen B. The space scale in mean particle diameters is
calculated by dividing the space scale in centimetres byrtben particle diameter;@75cm.

5 Cross Correlations

The wavelet transform picks up local uctuations in strestsa, porosity and coordination number at different
scales of strain. In order for a slip plane to form in denselgked materials it is believed that not only should
there be a local increase in the stress but local dilatiomefspecimen must occur: in the extreme case of
hexagonally packed identical circular disks, the disksncamoll relative to each other without sliding to a
face-centred cubic con guration rst. Since hexagonal ket circles have a packing fraction of 0.907 and
face-centred cubic packed circles have a packing fractfdh#85 this means that a local dilation of 13%
must occur [1; 12]. Along a slip plane, one might thereforpant to see a correlation between peak events in
the stress ratio and signi cant changes in the porosity.r&le some evidence that this might be the case in
Figure 5 and Figure 6 for specimen A and in Figure 9 for speniBeln order to investigate further if such

a correlation exists, the cross-correlation of the wavetet cients for the porosity and the stress ratio was
carried out. Speci cally, for each circlg the detail coef cientD; consists of a series df values. IfS; (k)
represents the detail coef cients for the stress ratio farlei and detail levej andR; (k) represents the detall

coef cient for the porosity for circle and detail levelj then the cross-correlatia is de ned by

to = 8u(Si(0 SR Ry) ; @

8,Sj(02 nS;? &aRj(k2 nR;?

whereS; is the mean value d§; (k) andPR; is the mean value d#; (k).
It might also be that a change in porosity occurs as a resuliuifat a later time, than a change to the
stress ratio. This can be investigated by considering tbesecorrelation of one series lagged with respect to

the other, speci cally for lagl one calculates

fy= f 8 (Si(K  S)(Ri(k+d) Ry) ; ®

8,Sj(K2 nS;® &Rj(k+d)? nR;?

Cross-correlation calculations between the absoluteegabi the detail coef cients for the stress ratio and
porosity for each circle and for all reasonable lags weréedwout. Each circle was then shaded according to
the magnitude of the cross-correlation coef cient, as stnéar D5 for specimen A in Figure 13. This Figure
shows that there is moderate cross-correlation betweesttégs ratio and the porosity along a diagonal line

through circles 13,21,2 and 16, the same line along whicinttremental rotation is largest. The values of the
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Cross correlation between absolute coefficient
of Sress ratio and Porosity at lag 0, scale D5

Fig. 13 Sub-regions shaded according to the absolute value of tfss correlation of stress ratio with porosity 19 for each
circle. There is no lag.

cross-correlation coef cients were investigated to can whether or not they were statistically signi cant.
In order to do this, a student t-test was applied to the hygsiththat there was no cross-correlation. In order

to apply this test we consider the value of

@z
"1 r@?

wheren is the number of data points in the time series. For specifand detailD; then = 117. If, for
example,r(d) = 0:422, then this gives a value of= 4:99 and we can reject the hypothesis that there is
no cross-correlation with a certainly of more than 99%. @auently even though the values of the cross-

correlation along the slip plane are not greater than Oég¢thss-correlation is still signi cant.

Interestingly, only small values of the cross-correlatawef cients were found for the lagged details,
indicating that changes of stress ratio and porosity ocffacively simultaneously. Cross-correlation calcu-
lations for specimen B were inconclusive: for specimen Bdineles have a diameter of approximately 60
particle diameters (as compared with 30 particle diamdtarspecimen A). Consequently, it may be that
although peak events in a circle are identi able, some ofdétil required for cross-correlation is averaged

out.
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6 Conclusion

We have shown how an MRA analysis of data from a DEM simulatibtwo different specimens subject
to a planar biaxial strain can aid in nding the time/straitakes on which signi cant events occur. This
information could be used to determine how frequently tqpatidata. For example, for Specimen A, key
scales for cross-correlation and for peak events were oddtal scale oD5 and above, suggesting that data
could have been reduced by a factor of 32 without losing signt information. Furthermore, by dividing
the specimen down into regions in space and consideringvaltein strain we were able to nd both when
and where peak events occur. These matched well with rédsuitsa study of the incremental rotation. Using
cross-correlation we were able to show that the geometdpgaty of porosity correlates with the principal
stress ratio along the slip plane for specimen A. The teclen@an readily be applied to data from simulations

in three space dimensions as well as two space dimensions.
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